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Abstract 



We study J\f = 1 gauge theories obtained by adding finite mass terms 
to = 4 Yang-Mills theory. The Maldacena dual is nonsingular: in each 
of the many vacua, there is an extended brane source, arising from Myers' 
dielectric effect. The source consists of one or more (p, q) 5-branes. In par- 
ticular, the confining vacuum contains an NS5-brane; the confining fiux tube 
is a fundamental string bound to the 5-brane. The system admits a simple 
quantitative description as a perturbation of a state on the M = A Coulomb 
branch. Various nonperturbative phenomena, including flux tubes, baryon 
vertices, domain walls, condensates and instantons, have new, quantitatively 
precise, dual descriptions. We also briefly consider two QCD-like theories. 
Our method extends to the nonsupersymmetric case. As expected, the AA = 4 
matter cannot be decoupled within the supergravity regime. 
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I. INTRODUCTION 



The proposal of 't Hooft |T|, that large- non-abelian gauge theory can be recast as a 
string theory, has taken an interesting turn with the work of Maldacena . The principal 
Maldacena duality applies not to confining theories but to conformal A/" = 4 gauge theories, 
which are dual to IIB string theory on AdS^ x S^. Starting with this duality one can perturb 
by the addition of mass terms preserving a smaller supersymmetry, or none at all, and in 
this way obtain a confining gauge theory. The problem is that the perturbation of the dual 
string theory appears to produce a spacetime with a naked singularity 0. As a consequence, 
even basic quantities such a condensates are incalculable. 

In this paper we show that the situation is actually much better. There is no naked sin- 
gularity, but rather an expanded brane source, and all physical quantities are calculable. We 
believe that this is the first example of a dual supergravity description of a four- dimensional 
confining gauge theory. It is also gives new insight into the resolution of naked singularities 
in string theory. 

We focus on perturbations that preserve A/" = 1 supersymmetry, though in fact our 
solutions are stable under the addition of small additional masses that break the supersym- 
metry completely. The Af = 4 vector multiplet contains an A/" = 1 vector multiplet and 
three A/" = 1 chiral multiplets. We will add finite A/" = 1 supersymmetry-preserving masses 
to the three chiral multiplets. For brevity we will refer to this theory as 'AT = 1*'. This 
theory has been studied by many authors ^-Q. It is known to have a rich phase structure 
I^J^J^, which includes confining phases that are in the same universality class as those of 
pure Af = 1 Yang-Mills theory. We will show that the rich structure of this theory is reflected 
in supergravity in remarkable ways. 

To study pure A/" = or A/" = 1 Yang-Mills theories would require working at small 't 
Hooft coupling and taking the masses of the extra multiplets to infinity. This is not tractable 
without an understanding of classical string theory in Ramond-Ramond backgrounds at large 
curvature. At large 't Hooft coupling, where supergravity is valid, the masses of the extra 
multiplets must be kept finite. However, we emphasize these multiplets are four- dimensional 
and the ultraviolet theory is conformal. An alternative approach to obtaining a string dual 
of confining theories is via high-temperature five- dimensional supersymmetric field theories 
10HT3|, whose low-energy limit is four-dimensional strongly-coupled non-supersymmetric 



Yang-Mills theory. The dual spacetime is non-singular, and the infrared cutoff provided by 
the temperature does indeed lead to confinement of electric flux tubes. In this case, however, 
there is a full set of massive five- dimensional states that do not decouple. 

Our work was motivated by the observation of Myers |jT^, that D-branes in a transverse 
Ramond-Ramond (RR) potential can develop a multipole moment under fields that normally 
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couple to a higher- dimensional brane. This 'dielectric' property is analogous to the induced 
dipole moment of a neutral atom in an electric field. For example, a collection of DO-branes 
in an electric RR 4-form fiux develops a dipole moment under the corresponding 3-form 
potential. One can think of them as blowing up into a spherical D2-brane, and in a strong 
field the latter is the effective description. This happens because the DO-brane coordinates 
become noncommutative. The original DO-brane charge A^, which of course is conserved in 
this process, shows up as a nonzero world-volume field strength on the D2-branes. Even 
earlier, Kabat and Taylor |jl5| had observed that DO-branes with noncommuting position 
matrices could be used to build a spherical D2-brane in matrix theory, generalizing the flat 
membranes of matrix theory [jl6|. For finite the sphere is 'fuzzy'; or better, perhaps, it is 
somewhat granular. The equations describing this sphere bear a marked similarity to those 
which appear in the A/" = 1* theory, which were first analyzed in [Q. 

It is then natural to guess that Myers' mechanism is at work in this theory. The mass 
perturbation corresponds to a magnetic RR 3-form fiux, which is dual to an electric RR 
7-form fiux. The latter couples to the D3-brane in the same fashion as the electric 4-form 
fiux does to the DO-brane, and so the D3-branes polarize into D5-branes with world- volume 
R"^ X S"^. One difference is that Myers considers D-branes in flat spacetime {gN small), 
whereas for the gauge/gravity duality the background is AdS^ x S^. In Myers' case a small 
fleld produced a small D2-sphere, but in the conformal fleld theory there is no invariant 
notion of a small mass perturbation, and on the supergravity side there is no such thing as 
a small transverse two-sphere. Rather, the D5-spheres, which are dynamically (though not 
topologically) stable, wrap an equator of the S^. We will show that there exist supergravity 
solutions in which the only 'singularity' is that due to the D5-brane source on the S^. 

However, this is far from the whole story. First, the classical A/" = 1* theory has many 
isolated vacua [Q. For each partition of A^ into integers rii, there must be a separate solution 
involving multiple D5-branes with D3-branes charges nj, each wrapped on an equator of 
but at different AdS radii rj proportional to nj. We will study these vacua, and their 
properties, in our discussion below. Second, the quantum theory has even more vacua, 
which are permuted under the SL{2,Z) duality the fleld theory inherits from A/" = 4 [Q. 
In particular, the transformation r ^ — which takes the maximally Higgsed vacuum into 
the conflning vacuum, will replace the D5-brane sphere with an NS5-brane sphere: this 
is the effective string description of the confining vacuum. The conflning flux tubes are 
bound states of a fundamental string to the NS5-brane, or equivalently, instantons of the 5- 
brane world- volume noncommutative gauge theory. Meanwhile, the leading nonperturbative 
condensate corresponds to the three-form fleld generated by the NS5-brane's magnetic dipole 
moment. 
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Our removal of the singularity resembles phenomena that occur on the Coulomb 
branch p!7|-p0| and with the repulson singularity that arises m M = 2 supergravity du- 



als There are certainly connections which need to be developed further, but the de- 
tailed mechanism is different. In particular, the appearance of NS-branes is new. Our result 



also gives insight into perturbations of the Randall- Sundrum compactification ||2^ , and into 
recent proposals for the solution to the cosmological constant problem P^ . 

We begin in section II with a review of the classical and quantum field theory vacua, 
and a discussion of the corresponding brane configurations. In fact, there are more brane 
configurations than vacua, but later we will argue that only one configuration is applicable for 
any given value of the parameters. In section III we review perturbations of the ArfS'/CFT 
duality, with attention to the issue of the naked singularity. We show that there is a small 
parameter: the system can be regarded as a perturbation of one that has only D3-brane 
charges. This enables us to obtain a quantitative description even for the rather asymmetric 
and nonlinear supergravity configuration that results from the expansion of the branes. In 
section IV we study a simplified calculation, in which n <^ N probe D3-branes are introduced 
into a fixed background. We find that their potential has minima where they form a D5- 
brane or NS5-brane, or more generally one or more (c, d) 5-branes, wrapped on an equator 
of the S^. In section V we consider the case that all D3-branes expand into 5-branes. 
Although this substantially deforms the geometry, serendipitous cancellations allow us to 
find the effective potential in a simple form: it is the same as in the probe case. We 
discuss the stability of the solution, arguing that it survives even when supersymmetry is 
broken completely. In section VI we use the dual description to discuss the physics of the 
gauge theory, including flux tubes and confinement, baryons, domain walls, condensates, 
instantons, and glueballs. In section VII we briefly discuss extensions, including the A/" = 
case and orbifolds, and in section VIII we discuss implications and future directions. 

II. M=r GROUND STATES 
A. Field Theory Background 

In the language of four-dimensional A/" = 1 supersymmetry, the A/" = 4 theory consists of a 
vector multiplet V and three chiral multiplets $j, i = 1,2, 3, all in the adjoint representation 
of the gauge group. In addition to the usual gauge-invariant kinetic terms for these fields, 
the theory has additional interactions summarized in the superpotentialQ 



^The Kahler potential is normalized {2/gY^)tic ^i^i- 
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= ^tr([$i,<l>2]$3) . (1) 
9ym 

The theory has an 50(6) i?-symmetry which is partially hidden by the A/" = 1 notation; 
only the U{1) i?-symmetry of the A/" = 1 supersymmetry and the SU{3) that rotates the $j 
are visible. However, if we write the lowest component of $i as 

•!>. = (2) 

(the reason for this notation will become evident later), then the potential energy for the 
scalar fields Am, m = 4, . . . , 9, is explicitly 5*0(6) invariant: 

9 

V{Am)^ tr([A„,A„][A^,A„]) . (3) 

m,n=4 

The theory is conformally invariant, and consists of a continuous set of theories indexed by 
a marginal coupling t = ^ + ^p^; where 6 and qym are the theta angle and gauge coupling 
of the theory. 

We can partially break the supersymmetry by adding arbitrary terms to the superpo- 
tential. Consider the addition of mass terms 

AW^ = ^— (mitr<l>^ + m2tr<l>2 + m3tr<l>3) . (4) 

If mi = 1712 and = the theory has M = 2 supersymmetry; otherwise it has M = 1. If 
mi = 1712 = and ma ^ then the theory flows to a conformal fixed point with a smooth 
moduli space and SL{2, Z) duality |^,|2B|,|T^,|2^ . With two nonzero masses, the theory has 
a moduli space containing special subspaces where charged particles are massless and the 
Kahler metric is singular. However, in A/" = 1*, where all three masses are non-zero, there 
is no moduli space; the theory has a number of isolated vacua. In the limit 

T — * ioo , rrii ^ oo , = mim2m^e^'^^'^^^ fixed (5) 

the theory becomes pure M = 1 Yang-Mills theory. For gauge group SU (N) the pure A/" = 1 
theory has vacua related by a spontaneously broken discrete /^-symmetry. Note that this 
i?-symmetry is not present in A/" = 1*; it is an accidental symmetry present only in the limit 
Eq. (D. 

The classical vacua were described by Vafa and Witten [Q. Assuming all masses are 
nonzero, we may rescale the fields $4 so as to make all the masses equal; having computed 
the vacua in this case one may undo this rescaling. In this case the F-term equations for a 
supersymmetric vacuum read 
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[^^,^j]=-^^^Jk^k . (6) 

Consider the case of SU{N). Recalling that the $j are N x N traceless matrices, it is 
evident that the solutions to these equations are given by A^-dimensional, generally reducible, 
representations of the Lie algebra SU{2). The irreducible spin (A^ — l)/2 representation is 
one solution; copies of the trivial representation give another ($j = 0). Since for every 
positive integer d there is one irreducible SU{2) representation of dimension d, each vacuum 
corresponds to a partition of into positive integers: 

N 

{kdEZ> 0} such that ^ dk^ = N , (7) 

d=i 

where kd is the number of times the dimension d representation appears. The number of 
classical vacua of the theory is given by the number of such partitions. 

Generally, for a given partition, the unbroken gauge group is [<SidU{kd)] /U{1). For 
example, if fc^ = 1 and ^Ar-d = 1, then the $j are block diagonal with blocks of dimension 
d and N — d; the diagonal traceless matrix which is 1 in each block generates an unbroken 
U{1) gauge symmetry. Clearly we obtain f/(l)'^'~^ if there are k such blocks. However, if 
kd = 2, then the two blocks of size d can be rotated into each other by additional generators, 
giving altogether an SU{2) instead of a U{1). More generally we obtain SU{kd). Among 
these vacua there is a unique one which we will call the 'Higgs' vacuum, in which the SU (N) 
gauge group is completely broken. This is the only 'massive vacuum' (meaning that it has 
a mass gap) at the classical level. For each divisor d < N of N we may take k^ = N/ d with 
all others zero, giving a vacuum with a simple unbroken gauge group SU{N/d). All other 
vacua have one or more U{1) factors; these are 'Coulomb vacua.' 

Quantum mechanically, the story is even richer. Donagi and Witten [§] found an inte- 
grable system which permitted them to write the holomorphic curve and Seiberg- Witten 
form describing the quantum mechanical moduli space of the M = 2 theory with mi = m2 
and ma = 0.| They considered the effect of breaking the supersymmetry to A/" = 1 through 
nonzero -C mi,m2, and showed that the theory has a number of remarkable properties. 
Each classical vacuum which has unbroken gauge symmetry SU{k) splits into k vacua, all 
of which have a mass gap. (Coulomb vacua with non-abelian group factors split as well, 
although a complete accounting of these vacua was not given in ; since the photons remain 
massless, such vacua do not have mass gaps.) The vacuum with SU{N) unbroken [ki = N, 
$4 = 0) splits into A^ massive vacua, exactly the number which would be needed in the 



^It would be very interesting to find this integrable system in the supergravity dual description 
of this theory. 
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1^=1 Yang-Mills theory obtained in the limit Eq. (^). The massive quantum vacua are 
those without U{1) factors, and as noted above are associated with the divisors of A^. Their 
total number is obviously given by the sum of the divisors of A^; it therefore depends in an 
interesting way, one which does not have a large- limit, on the prime factors of A^. The 
number of Coulomb vacua is exponential in \/N . 

Donagi and Witten showed the massive vacua were in a beautiful one-to-one correspon- 
dence with the phases of gauge theories classified by 't Hooft. Let us review this classification 
|28| . SU{N) gauge theories with only adjoint matter can be probed by sources which carry 
electric charges in the Z tv center of SU (N) and magnetic charges in the Z^v = vti [SU {N)/Zj^] 
which characterizes possible Dirac strings. We may think of these charges as lying in an 
N X N lattice, a Z^r x Z^r group L. 't Hooft showed that the possible massive phases 
of SU{N) gauge theories are associated to the dimension-A^ subgroups P of L. In each 
phase, the charges corresponding to the A^ elements of P are screened, and all others are 
confined; the flux tubes which do the conflning are represented by the elements of L/P. For 
example, if the ordinary Higgs mechanism creates a mass gap, all sources with magnetic 
charge are conflned; the only unconflned elements of L are the (m, 0), m = 0, . . . , A^ — 1. 
Thus P is generated by the single element (1,0). Every magnetic flux tube carries a Zat 
charge n = 0, . . . , N — 1 and conflnes the sources with charge {m,n) for any m. In an 
ordinary conflning vacuum, the roles of m and n are reversed, but otherwise the story is the 
same. Vacua with oblique conflnement are given by groups P generated by (m, 1), where 
m = 0, . . . , A^ - 1. 

More generally, however, the vacua are more complex. As mentioned earlier, each classi- 
cal vacuum with unbroken SU (k) symmetry splits into k vacua. These vacua correspond to 
subgroups P generated by {k, 0) and (s, d), where dk = N and s = 0, 1, . . . , A; — 1. This map 
of vacua to subgroups is one-to-one and onto. Note the Higgs vacuum is the case d = N, 
while the A^ vacua which survive in the pure Af = 1 Yang-Mills theory are the cases d = 1 
for s = 0, 1, . . . , A^ — 1, with s = being the conflning vacuum. 

The action of SL{2, Z) on the massive vacua is then straightforward 0. The T trans- 
formation r ^ r + 1 shifts each element {m,n) of the group L to {m + n mod N,n); all 
electric charges shift by their magnetic charge, through the Witten effect . The S trans- 
formation r ^ — ^ reverses electric and magnetic charges {m,n) — (— n mod N,m). 



Thus S and T map L to itself, but act nontrivially on its subgroups P. This action then 
corresponds to a permutation of the massive vacua. In particular, note that the Higgs and 
conflning vacua are exchanged by S, while T rotates the conflning and oblique conflning 
vacua into each other while leaving the Higgs vacuum unchanged. S and T then generate 
the entire SL{2, Z) group and its action on the vacua. The Coulomb vacua have not been 
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fully classified, and the action of SL{2, Z) on them has not yet been understood.^ 

We close the discussion of field theory by noting that this theory is very different from 
A/" = 1 Yang-Mills theory in certain respects. (Recently, many of these qualitative points 
were emphasized in p| . ) Although it is a four-dimensional theory, it still has massive degrees 
of freedom (three Weyl fermions and six real scalars in the adjoint representation) with 
masses of order m. These massive states ensure that far above the scale m (actually, as we 
will see, above mg\y^N in the confining phase) the theory becomes conformal, with gauge 
coupling T. The important X2N non-anomalous i?-symmetry of the pure M = 1 Yang-Mills 
theory, a Z2 of which is unbroken and a Zat of which permutes the N vacua of the theory, 
is broken explicitly by the presence of the massive fields. Consequently the confining and 
oblique confining vacua, although still permuted by r ^ r + with n an integer, are not 
related by a discrete i?-symmetry and are not isomorphic. In particular their superpotentials 
have different magnitudes and the domain walls between them have a variety of tensions 
0. In the limit of Eq. (^, for fixed A^, the strong coupling scale and the corresponding 
gluino condensate, domain wall tension, and string tension are all much below the scale m 
of the masses, and so the strong dynamics is not affected by the massive fields. However, 
we want to study the gravity dual of this theory, which requires large g\y^N . In this limit 
A = m exp(— Stt^/ g\y[N) is of order m, and so all of the physics of the theory takes place near 
the scale m. We will not find the exponentially large hierarchy expected from dimensional 
transmutation; this can only be seen at small g\y[N , outside the supergravity regime. 

B. Brane Representations 

Consider the Higgs phase, in which 

A^ = —mLi , = —mL2 , Ag = —mL^ , (8) 

where Lj is the A^-dimensional irreducible representation of SU{2). The scalars A^ are the 
collective coordinates of the D3-branes, normalized = 27Ta'Am [0. These are therefore 
noncommutative, but lie on a sphere of radius r = ira'mN 

^m^m ^ {2'Ka'mfULi ^ TT^a'^m^N^ . (9) 

The nonzero commutator of the collective coordinates corresponds to higher-dimensional 
brane charge, a fact familiar from matrix theory. Specifically [jl5[ the D3-branes can be 



^In section VI. C we will show that some of the Coulomb vacua are transformed in a simple way 
by certain elements of SL(2, Z). However, we will not obtain the full story. 
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equivalently represented as a single D5-brane of topology x S'^, the two-sphere having 
radius r, with units of world- volume magnetic field on the two-sphere. The Higgs vacuum 
of the four-dimensional theory is represented by this D5-brane. 

Similarly, a vacuum corresponding to the reducible representation {kd}, defined as in 
Eq. (|^, corresponds to concentric D5-branes, where kd have radius Tra'md for each d. Con- 
sider the case of two spheres, with kd = kj^_d = 1. \i d ^ N — d then the spheres have 
different radii; the gauge group of the field theory is U{1). However, ii d = N — d, the 
two spheres coincide and the field theory has gauge group SU{2). For N — 2d small, the 
SU (2) is broken at a low scale and its W-bosons have mass proportional to — 2d. More 
generally, k coincident D5-branes correspond to a classical vacuum with SU{k) symmetry. 
Just as in the case of flat branes with sixteen supercharges, the curved D5-branes with four 
supercharges and only four- dimensional Lorentz invariance show enhanced gauge symmetry 
when they coincide, and when separated have W-bosons with masses of order the separation 
distance.0 Each classical vacuum of the theory is given by a set of D5 branes of radius nj, 
with J2i fT-i = 

Quantum mechanically the situation is much more complicated. The S transformation 
T ^ should exchange the Higgs and confining vacua; therefore by Type IIB duality the 
confining vacuum is a single NS5-brane. A T" transformation {t ^ t + n) leaves D5-branes 
unchanged and shifts an NS5-brane to a (1,"^) 5-brane. It follows that the n^^ oblique 
confining vacuum is given by a (1, n) 5-brane. The S'-duality implies also that there should 
be vacua with multiple NS5-branes, or generally {l,n) 5-branes, possibly coincident. In fact 
we may expect there to be vacua in which different types of 5-brane coexist. For example, 
suppose we partition A^ using kg = 1 and ki = N — s, so that the lower (A^ — s) x (A^ — s) 
block of the fields <l>j is zero, leaving SU{N — s) unbroken. In this case we would expect 
a D5-brane of radius s representing the broken part of the gauge group, and an NS5-brane 
(or a (l,^) 5-brane) representing an (oblique) confining phase of the unbroken SU{N — s) 
subgroup. 

We will show that all of these brane configurations do indeed appear in the dual of the 
A/" = 1* theory. This is a puzzle, however: the number of brane configurations is much larger 
than the number of phases. For A^ = pq, for example, the vacuum with kp = q is described 
by q D5-branes of radii TTa'mp. In supergravity, this is clearly S-dual to the vacuum with 
kg = p, which is therefore described by q NS5-branes. However, from investigation of the 



^The absence of an overall center-of-mass U{1) in the brane configuration, in parallel with the 
absence of a U{1) in the gauge theory, is not completely understood, although we will comment 
on it in section VI. H. 
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field theory this vacuum also has a description in terms of p D5-branes. We will see, in 
this and other examples, that our solutions exist only in limited ranges of parameter space, 
such that only one of the descriptions is valid at a time. Ideally, however, a more complete 
understanding of how the theory resolves this puzzle would be desirable. 



III. PERTURBATIONS ON AdS^ x 



In this section we first review deformations of the AdS /CFT duality with attention to the 
issue of singularities, introduce the small parameter that makes the problem tractable, and 
discuss the field theory perturbation and its supergravity dual. We then give the IIB field 
equations, develop the necessary tensor spherical harmonics, and solve the field equations 
to first order in an expansion around AdS^ x S^. 



A. AdS /CFT and its Deformations 

The d = 4, Af = 4 Yang-Mills theory is dual to IIB string theory on AdS^ x [§. 
The Yang-Mills coupling is related to the string coupling by gyu = 47r(yf, and the common 
radius of the two factors of spacetime is R = (4:7rgNa''^y^'^. To each local operator Oi of 
dimension Aj in the CFT corresponds two solutions of the linearized field equations P2|,R3 



a nonnormalizable solution which scales as r^' with r the AdS radius, and a normalizable 
solution which scales as r~^\ A supergravity solution which behaves at large r as 



A-4 



+ kr-^ (10) 



is dual to a field theory with Hamiltonian 

H = HcFT + a,0, , (11) 



and where the vacuum expectation value (vev) is [34 



{0\Oi\0) = hi . (12) 

We will be interested in relevant perturbations, those with A < 4. In the field theory 
these are unimportant in the UV, while in the IR they become large and take the theory to 
a new fixed point or produce a mass gap. Correspondingly the perturbation (|T0|) is small at 
large r, but at small r it becomes large and nonlinear effects become important. 

For a theory with a unique (or at least isolated) vacuum, the dynamics should determine 
the vev once the Hamiltonian is specified. This is in accord with the general experience with 
second order differential equations, where some condition of nonsingularity at small r would 
give one relation for each pair and 6j. 
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Now let us summarize what is known, with attention first to two special cases that make 
sense: 

1. In the AT = 4 theory, Oj = 0, it is actually possible to vary the particular b that 
corresponds to O being a scalar bilinear. The point is that the A/" = 4 theory does not have 
an isolated vacuum, and varying b gives a state on the Coulomb branch. It is important 
to note that the supergravity solution is still singular, but that the singularity is physically 
acceptable, corresponding to an extended D3-brane source |T7|-pU[. 

2. Certain perturbations give a nontrivial fixed point in the IR. These correspond to 
supergravity solutions with AdS behavior at large and small r, with a domain wall interpo- 
lating |]35| , ^|25| , p6i|37| . The vacua do have moduli, but most or all analyses have imposed 
symmetries which determine a unique vacuum and restrict to a single pair (a, 6). In these 
cases the differential equation does indeed determine b. The condition of AdS behavior in 
the IR gives a boundary condition, which takes the form of an initial condition for damped 
potential motion. 

3. More generally, for perturbations that produce a mass gap and destroy the moduli 
space, the known solutions are singular for all values of 6j p8|,|3[|; for a recent discussion 
see [^. It does not make sense, however, that such singularities can all be understood as 
physically acceptable brane or other sources, because that would mean that the vevs are 
undetermined even though the vacua are isolated. This is another example of the important 
observation made by Horowitz and Myers in the context of negative mass Schwarzschild ED 



string theory does not repair all singularities; many singular spacetimes do not correspond 
to any state in string theory. 

We will show that the perturbations corresponding to the masses (|p actually produce 
spacetimes with extended brane sources. The spacetime geometry is singular, but in a way 
that is fixed by the source, and so in particular the values of bi are determined. 

This resembles the case 1 in that there are extended branes, and could in principle be 
analyzed by supergravity means as in that case: for some subset of the supergravity solutions 
the singularity will have an acceptable physical interpretation as a brane source. There has 
in fact been a search for just such solutions pT| , |39| ; it has thus far been unsuccessful, but 
some features of our solution have been anticipated. This approach is extremely difficult, 
and has generally been restricted to special solutions with constant dilaton. In fact, the 
branes in our solution couple to the dilaton, which is therefore position-dependent. 

We are able to treat these rather asymmetric geometries without facing the full nonlin- 
earity of supergravity because of the existence of a small parameter. Consider the case of 
a single D5-brane with D3-brane charge N, wrapped on an equator of the S^. The area of 
the two-sphere is of order R^, so the density of D3-branes is 



11 



Under the rather weak condition N/g ^ 1, this is large in string units and the effect of 
the D3-brane charge dominates that of the D5-charge charge.^ The system is therefore well 
approximated by a Coulomb branch configuration of the parent A/" = 4 theory, where the 
general solution is given by linear superposition in the harmonic function. Thus we can work 
by treating the D5-brane charge, and the 3- form field strengths that are generated by it, as 
perturbations. It is less obvious, but will be seen in section IV.A, that the full 3-form field 
strength is effectively proportional to the same small parameter. 

For the NS5 solution the corresponding condition is given hy g ^ 1/g and so Ng ^ 1. 
This is precisely the condition for the gauge theory to be strongly coupled. We then recognize 
the earlier condition N/g ^ 1 as the condition for the dual gauge theory to be strongly 
coupled. When both of these conditions are satisfied the supergravity description is vahd, 
so the D5 and NS5 solutions are both valid in the entire supergravity regime. 

We will begin with a simpler problem, where we place a probe D5-brane of D3-brane 
charge n into the linearized perturbation of the AdS^ x background. In this case the 
condition for the D5-brane solution to be valid is similarly 

v? 

^ » 1 ■ 

We will use this condition at several points. In section V.B we will infer that this condition 
is not just a convenience but in fact a necessity in order for the solution to exist. 

B. Field Equations and Background 

The IIB field equations can be derived from the Einstein frame action 
^ j d^\{-Gf'^R - ^ /(^* ^ + ^ + 

ge-''H3 A *H3 + ge''F3 A *F3 + y F5 A *F5 + g'^Ci AH3A , (15) 
supplemented by the self-duahty condition 

*F5 = F5 . (16) 



^This estimate (|l3| ) ignores the warping of the geometry by the expanded brane, but should be 
correct in order of magnitude almost everywhere. In fact, very close to the surface of the two- 
sphere the effect of the D5-brane dominates. However, in this regime we can match onto the exact 
solution for a flat D5-brane with D3-brane charge, as we develop further in section V.D. 
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Here 



F3 — F3 — CH3 , F3 — dC2 



F5 = F5-C2A H3 , F5 = dCj^ . (17) 

We define the Einstein metric by (G^,/) Einstein = 9^ ^"^^^^^"^ {Guv) string-, so that it is equal to 
the string metric in this constant background. As a result g appears in the action, explicitly 
and also through = {2Txy a'^g"^ . 
The field equations are |H3[ 



V — e Om'^o G —Hmnp^ + -^i'MNpi' , 

V {e OM(-y) — —UmNP^ , 



d*{e''F3)=gF5AH3 , 
d*{e-'^H3 - Ce'F3) = -gF^ A F3 , 

d*F5 = -F3 A H3 , 

1 e^* g^ ~ 

Rmn = -dhi^dN^ H — —dMCdNC + —FmpqrsFn^^^^ 

2 z yo 

+ -^{e~^ HmpqHn^'^ + c^FmpqFn^^) 
-f^GMN{e-^HpQ^H^'^^ + ^"FpQrF'"''') ■ (18) 
We use indices M, N, . . . in ten dimensions. The Bianchi identities are 

dF3 = -dC A H3 

dPs = -F3 A H3 . (19) 

One class of solutions is 

ds — string — ^/^'^ doc doc \ !Z doc doc ^ 

e* = 9. C=^, (20) 

with (7 and 6 constant and other fields vanishing. Here /x, z/ = 0, 1, 2, 3, and m, n = 4, . . . , 9. 
Also, Z is any harmonic function of the x™, dmdmZ = 0. For AdS^ x S*^, 

Z = , i?^ = 47r(7Ara'2 . (21) 

This fails to be harmonic at the origin, but this is a horizon, dual to a D3-brane source at 
the origin. More generally a nonharmonic Z corresponds to a distributed D3-brane source. 
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We will need to expand the field equations around this solution. The equations for 
linearized Fs and perturbations are conveniently written in terms of 

G3 = F3- fHs . (22) 

Here 

T = C + ie"* , (23) 
and a " denotes unperturbed fields, so that 

The linearized field and Bianchi equations in a general background are 

diGs +iG5 AF5 = , 

dG3 = Q . (25) 

We will only be interested in the transverse {mnp) components of G3. For the back- 
ground (pop and a transverse 3-form field, 

iG3 = Z'^*qG3 a dx^ A dx^ A dx^ A dx^ . (26) 

where the dual *6 acts in the six-dimensional transverse space with respect to the fiat metric 
dmn- Then, in the solution (|20|) with general Z, the field equation for a transverse 3-form 
field can be written simply as 

d[Z-\*,G3-iG3)] = Q . (27) 
The duality of the field strengths implies that the 7-form field strength is 

- = dCe - H3 A . (28) 



This is parallel in form to the other field strengths (|T7|). The relative sign of the two terms 
on the right can be deduced by noting that the D5-brane action, which we will write in 
section IV. A, and the field strength are both invariant under 5Cj^ = dxa provided that 
SCe = —H3 A X3- The relative sign of the two sides is obtained by acting with d and 
comparing with the field equation ([TBp. 
For the 6-form we write 

d{B6 - fCe) = '-*G3 + A . (29) 



The imaginary part of this equation is just Eq. (PHf), while the real part defines Eg] the 
meaning of Bq will become clear in the section IV.B. For the background (PP]) this becomes 

d{Be - fCe) = -^{hGs - iGs) A dx° A dx^ A dx'^ A dx^ . (30) 
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C. Fermion Masses and Tensor Spherical Harmonics 



The A/" = 4 theory has Weyl fermions Aq, transforming as a 4 of the 5*0(6) i?-symmetry. 
We will add a mass term 

m°^A„A^ + h.c. (31) 

(spinor indices suppressed), which we can assume to be diagonal, m"^ = rriaS"^ . When one 
of the masses, say m4, vanishes, the Hamiltonian has an A/" = 1 supersymmetric completion, 
as given by the superpotential (^). The fermion A4 is then the gluino.0 

The fermion bilinear transforms as the (4 x 4)sym = 10 of 5*0(6), and the mass matrix 
as the 10. The 10 and 10 are imaginary-self-dual antisymmetric 3-tensors, 

with + for the 10 and — for the 10. The indices again run from 4 to 9. 

To relate the fermion mass to a tensor, it is convenient to adopt complex coordinates z*: 

z = ^— , = ^— , z'^ = ^— . (33) 

V2 72 x/2 ^ ^ 

Under a rotation — >■ e^'^^z'^ the spinors in the 4 transform 

Ai ^ e''^H~^2'M/2)^_^ ^ 
A2 ^ e^(-*i+*^-'^^)/2A2 , 

A4 _ e^(</'i+</'2+*3)/2^^ _ (34) 

From this it follows that a diagonal mass term transforms in the same way as the form 
T3 = midz^ A dz"^ A dz^ + m2dz^ A dz"^ A dz^ + m^dz^ A dz'^ A dz^ + m4(iz^ A d^:^ A dz^ . 

(35) 

In A/" = 1 language, 777,4 is a gluino mass and the other rria are chiral superfield masses. In 
the supersymmetric case the nonzero components are 

^123 = mi , Ti23 = m2 , ri23 = r?73 (36) 



^Even when all four masses are nonvanishing, this operator is still chiral and has a supersymmetric 
completion to linear order in m. However, the Hamiltonian at order m? is nonsupersymmetric. 
This case will be discussed in section VII. B. 
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and permutations, and in the equal-mass case 



Tijk — T^^jk — Tjjf, — meijk ■ (37) 

These satisfy *qT = —iT. 

One might guess, correctly, that the fermion mass is associated with the lowest spherical 
harmonic of the field G3 [^,0,^. To make a 3-tensor field transforming in the same way 
as any given tensor T, we can use the constant T itself, or combine it with the radius vector 
to form 

where = x^x™. Define the forms 

T3 = ^Trnnpdx"' A dx^ A dx^ , V3 = ^V^npdx"' A dx" A dxP , 

S2 = ^T^„px'"rfa;" A dx^ . (39) 

One then finds 

dSs = 3T3 , rf(lnr) AS2 = V3 , dir^Ss) = rP{3T3 + PV3) , 

dT3 = , dV3 = -3rf(lnr) A T3 , (40) 

and 

hTs = ±^3 , HV3 = ±i{T3 - V3) . (41) 



D. Linearized Solutions 

We specialize to perturbations on the AdS^ x case Z = R^/r^, which is invariant 
under the transverse SO{Q). This will be applicable to the probe calculation of the next 
section. A general form for the perturbation is 

G3=rP{aT3 + (3V3) , (42) 

where for now we take T to be an arbitrary constant tensor in the 10 or 10. The Bianchi 
identity gives 

= dG3 = (pa - 3P)d{\nr) AS2 P = pa/3 , (43) 

corresponding to 



16 



Gs = {a/3)d{rPS2) . (44) 
Using the duality properties (|41| ) we then have 

HG3 -iGs = -ir^{a/3)[{3TPTS)T3 + {p±p)V3] , (45) 
and so the equation of motion (^) gives 

/ - lOp + (12 ^ 12) = . (46) 
For the lower sign, the 10, there are two solutions: 

p = -4 , G3 = ar-\T3 - AV3/3) , 

p = -6 , G3 = ar-\T3 - 2V3) . (47) 

In interpreting these, note that a factor Z~^^^ = {r/RY must be included to translate 
the tensors to an inertial frame. These solutions then have the falloffs appropriate to the 
nonnormalizable and normalizable solutions for a operator of A = 3. The former thus 
corresponds to the perturbation of m, and the latter to the vev of AA. The mass perturbation 
therefore corresponds at first order to 



G3 = -[-] {T3-AV3l3) = d 
g\r 



3g\r 



4 



(48) 



with T3 given in Eq. (|35D. The factors of R are necessary for the dimensions, and the factor of 
arises from the overall gyl^ in the superpotential. The numerical coefficient C appearing 
in the relation between the fermion bilinear and the supergravity field will eventually be 
determined to take the value ( = —3\^. Note also that as a consequence of the equation of 
motion (P7|), 

2?T 2?T 

Z-\hG3 - iG3) = -^T3 = -^dS2 (49) 

is exact. 

For fields in the 10, the upper sign, there are again two solutions: 

p = , G3 = aTg , 

p = -10 , G3 = ar-^^{T3 - IW3/3) . (50) 
The first of these corresponds to the coefficient of AAF^, and the second to the vev of AAF^. 
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IV. FIVE-BRANE PROBES 



In this section we consider probes in the background given by AdS^ x plus the hnear 
G3 perturbation. The probes are 5-branes with world-volume x S*^ and D3-brane charge 
n N, with n ^ y/gN. We consider first D5-brane probes, and then use SL{2, Z) duality to 
extend to a general (c, d) 5-brane. For all such probes we find that there is a supersymmetric 
minimum at nonzero AdS radius r. 

A. The D5 Probe Action 



The relevant terms in the action for a D5-brane are |H6|,PT1E7 



S 



where 



J d^^ [- det(G',j) det(^-i/2g*/2^^ _^ 27raT)] + /ig / (Cg + 2-Ka'J^2 A 



2-^01 T 2 = 2Tia Fo — Be 



(51) 



(52) 



Here G\\ is the metric in the directions of the world-volume and G± is the metric in the 
S"^ directions, pulled back from spacetime. It is convenient to note that det Gy = and 
that det = \TahJ^''^ det G^. 



The D3-brane charge of the probe is n, so that 

Fg = 27rn . 



52 



(53) 



This is assumed in this section to be small compared to so that the effect of the probe on 
the background can be ignored. If the internal directions are a sphere, rotational symmetry 
and the quantization (|53D give Fq^ = |nsin6', or FahF"-'^ = n^/2Zr^. 

Let us first consider the action in the absence of the G3 background so in particular 
Tab = Fab- The first term in the Born-Infeld action is dominated by the second, since for 
Z = R^r^ 



An^a'^FabF"'' 



2TT'a"n'/2R^ ~ n'/gN > 1 



(54) 



That the field strength dominates reflects the physical input that the D3-brane charge dom- 
inates. It is then useful to write 

1 



det{G± + 27Ta'F) = 27raVdet F 

= 27raVdet F + 



{27ca'yFabF-\ 
detG, 



47raVdet F 



(55) 
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If the D5-brane is a sphere in the x±_ directions, then in spherical coordinates det G±_ = 
Zr^ sin^ Q. Since a D3-brane probe feels no force from D3-branes, there is a large cancellation 
between the Born-Infeld and Chern-Simons terms. The leading nonvanishing term in the 
D5-action gives a potential density of the form 



^ , VdetGi^, ^ ^ , ,,0,,,^^ , . (56) 

g JS'^ 47raVdetF g Js^ 2Tca'n g na' 

where in the last two equations we have assumed the 5-brane is a two-sphere in the x± 
directions. Notice the Z factors cancel explicitly; if the metric takes the form in Eq. (pO|), 
the energy density of the 5-brane goes as r^. This is consistent with the fact that the 
D3-branes see this energy as coming from the square of a commutator term, ([$, <l>"'"])^. 

Now let us add the perturbation back in. For the linear perturbation, Eq. (^) immedi- 
ately gives the potentials (up to an irrelevant gauge choice) as 

C,-fB, = j-[^yS,. (57) 

For the 6-form, Eqs. (^9]) and (BH) then give 



Ce = A dx^ A rfx^ A dx^ A Im(S'2) , (58) 

9g 

up to gauge choice. 

The effect of B2 in the D5-brane action is subleading and can be ignored. Using the 
flux (0) and the potential (0), one finds the ratio of the two terms in J^ab is 

Looking ahead, the minimum of interest is located at 

r ~ mna' , (60) 
and so the ratio (59) becomes gN jr? which is just the small parameter. Thus, at the AdS 



radii ( |60D or greater, the field strength term in Tab dominates: Tab ~ ^ab- The cancellation 
between the Born-Infeld and Chern-Simons terms is unaffected; B need merely be inserted 
in Eq. (|^), where it is negligible. 

Inserting the perturbed Cq from Eq. ( |SBD into the D5-brane action gives an additional 
potential density 

^L¥mS«). (61) 



V g Js^ 9 
which is cubic in r, linear in m, and independent of Z 
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The two terms in Eqs. (|56D and (^) can be identified with the quartic 0^ and cubic 
terms in the M = 1 supersymmetric potential, as we will see in more detail in section IV. C. 
For consistency we must also keep the term of order m^0^. This arises from the second-order 
perturbations of the dilaton, metric, and four-form potential. In fact, supersymmetry makes 
it possible to write the second-order term in the potential directly: 



S iiK ( r ./detGii detGx f r 
V g [Js^ AnaWdetF 9 Js^ ^ 

- ijk-'- Tjk 



^^W^, [^^2^ . (62) 



The form of this term is readily understood. The integral Jg2 F2 essentially sums over D3- 
branes, while the tensor structure gives the A/" = 1 scalar mass J2i l^iPl^iP- The coefficient 
will be deduced in section IV. C. 

Before we go on, let us address two puzzles. The first is the expansion around AdS^ x S^, 
and why we need to keep terms precisely through second order. A measure of the square of 
the size of the perturbation is the ratio of the energy density in the perturbation with 
that in the unperturbed {F^ 



|2. 



/ F<T ~ / ~ — r^- — f63l 



^2^2 j g'2i \ I '2i /y'2i /y'2i '/^^ 

which is the controlling small parameter, basically the effective ratio of brane charge densities 
cr|/cr|. The three terms in the potential ( |62D are respectively of zeroth, first, and second order 
in the perturbation. The zeroth order term is the remainder after cancellation between the 
Born-Infeld and Chern-Simons terms, and, since the D5 and D3 tensions add in quadratures, 
is of order 

v/ai + ai-a3~^. (64) 
0-3 

The linear perturbation is of order a^/a^ and couples to as, so the first order term is again 
of magnitude (|6^ . The second order perturbation is felt by the D3-branes and so this term 
is of order (J'i^a^ / a^)"^ , again the same. Note that this analysis does not use supersymmetry, 
and so will apply to the A/" = case as well. 

The second puzzle is that the second order term in the potential (|6^) makes reference to 
complex coordinates in spacetime, and these are not intrinsic. In particular, when all four 
fermion masses are nonvanishing {M = 0) there is no special complex structure. The pointf] 



'''See also section 5 of ref. [37| 
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is that the supergravity equations have homogeneous second order solutions, corresponding 
to the traceless scalar bilinear A^An — ^6mnApAp. The coefficients of these solutions are 
determined by boundary conditions, so the inhomogeneous solution with (Gs)^ as source 
determines only the trace part Am Am- Thus, the general form for the second order term, 
not imposing A/" = 1 supersymmetry, is given by replacing 

_ ^2 
io 

with arbitrary traceless /imn- Note that both Tmnp and fimn are intrinsic (determined by the 
boundary conditions). 



B. The {c,d) Probe Action 



A given background can also be given in an S'-dual description. 



r' = ^ . (66) 



Specifically, 



g' = g\M\\ GU = G,,^|M|, = C, , 
G's = GsM-' , B', - f'C'e = {Bg - fG,)M-i , (67) 
where M = or + d. A D5-brane in the primed description has the action 



r r 1 /■ ,/detG|detG| r \ 
Under the duality (|67D, this translates into 



(68) 



Q r wdet Gil det G_L C r 

- = ^ |M|2 / d^i ^ - i / luiiMTmnpx'^dx^ A dxP) 

V g\ Js^ 47rttVdet F 9 Js^ 



"r^Vi^k / F^z'z' \ . (69) 



g \ Js^ 47rttVdet F 
a'C 

Is 

The probe couples to 

C, = -g'lm{B', - fC'e) = -g\m(M[Be - fCe]) = Bgc + Cgd . (70) 

This is the coupling of a (c, d) 5-brane, a bound state of c NS5-branes and d D5-branes. 
In the ffist term of the potential, the factor |cr + d\^ is the tension-squared of the (c, c?) 
5-brane, squared from the addition in quadratures in the Born-Infeld term. The second is 
the coupling to the background ([70|). The final term has again been added by hand in the 
form required by supersymmetry, which is in fact independent of (c, d). This is because it is 
the interaction of the D3-brane charge with the second-order background, and so does not 
depend on the 5-brane quantum numbers. The duality transformation only gives relatively 
prime (c, d), but the result holds generally, by superposition. 
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C. The Probe Potential and Minima 



We now focus on the 5'0(3)-invariant Af = 1 equal-mass case. The general 5*0(3)- 
invariant brane configuration is 

= ze' , e' = ? , e'e' = 1 . (71) 

This is a sphere of coordinate radius \z\/\/2, obtained from the sphere (x^)^ + {x^^ + 
{x^y = ^\z\'^ by a simultaneous phase rotation of the z"^. Rotational symmetry and the 
quantization ([53|) give Fq^ = ^nsinO, or FabF""^ = n^/2Zr^. Inserting this configuration 
into the action (B^) gives 



V~ g 
4 



ngn 



iMpl^l^ + — ^Im(M^^m2) + —\m\^\z\^ 

a'n 3 9 

|M02 + i(mn0/12p . (72) 



Here = zjl-na' is the normalization of the gauge theory scalar relative to the D3-brane 
collective coordinate. This is of the form required by A/" = 1 supersymmetry; the second 
order term was normalized to give this result. 

For M = 1, the D5-brane, we can compare to the classical A/" = 1 potential. We can use 
the Ansatz 

= -^U , (73) 

n 

where $ is a scalar (not a matrix) complex superfield, so that ^i^i^i = $^1. The Kahler 
potential and superpotential are then 



n — ^ mn , o i\/2 ^ 

2Txg ' A:Kg ' "iitg 



K = $$ , W = - — $2 + . (74) 



The potential then agrees with that found in the brane calculation provided ( = —3\/2. 
This could be checked by various independent means, such as the fermionic terms in the 
D3-brane action in a background. 

Returning to general M, there is supersymmetric minimum at 

Tfa'imn , 
z = . (75) 

For a D5-brane, {c,d) = (0,1) and z = i-na'mn/ \/2. For illustration let m be real. The 
i refiects the fact that the two-sphere lies in the 789-directions, where Fg is maximized. 
For an NS5-brane, taking C = for convenience, z = ixoLmgnj ^2. This is smaller by g^ 
and lies in the 456-directions where Hg is maximized. Note that the potential in each case 
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has another minimum at z = 0, where the probe has dissolved into the source branes; our 
approximation is not vahd at z = 0, but it is vahd far enough to show that the potential 
becomes attractive at small z. 

We can also introduce several probes of arbitrary types, and each will independently sit 
at the minimum of its own potential. Note that in the AdS geometry we should not think 
of these as concentric, but rather arranged along the AdS coordinate r while wrapped at 
various angles on equators of the S^. 

An S"^ on can be contracted to a point, but it is energetically unfavorable to do so. 
The first term in the potential vanishes in this limit (since det G_l goes to zero), and the 
second does as well, leaving only the positive third term. This is because the pointlike 
D5-brane retains only its D3 charge, which feels a positive potential. 



We now consider the fields and self-energy of the full set of D3-branes, when these are 
in the configuration x S"^ (or a sum of several two-spheres) with 5-brane charges. As an 
intermediate step we consider a probe moving in such a background. One might expect these 
calculations to be much harder that the previous probe problem, as the symmetry is greatly 
reduced. Remarkably, however, all of the work has already been done. The expanded brane 
configuration is reflected in a less symmetric warp factor Z, but we will see that this drops 
out of all terms in the potential. 

In this section we also work out the first-order correction to the background. In addi- 
tion we show that our approximation breaks down close to the 5-brane shell, and give the 
corrected form. 



Consider A^ D3-branes spread on a two-sphere of AdS radius tq in some 3-plane in the 
six transverse dimensions. This Coulomb branch background is again of the form (|20|) , with 
the Z-factor given by harmonic superposition. The Z-factor at any point can depend only 
on its radii w in the 3-plane and y in the orthogonal 3-plane: 



This is normalized to agree with the AdS Z-factor at large w, y. When the D3-brane charge 
is divided among several two-spheres, then Z is a sum of such terms, with total coefficient 



V. THE FULL PROBLEM 



A. The Warped Geometry 




(76) 



(?/2 +[w + ro]2)(y2 + [lu - ro]2) 
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i?^. At r = this Z goes to a constant, so for w,y <^ ro we find fiat ten-dimensional 
spacetime, with no nontrivial topology. 

To next order we consider linearized G3 fields in this background. The field equation is 
again 

d[Z-\HG3-^G3)] = , (77) 

and the Bianchi identity is dG3 = 0. The origin is now a smooth point and the pertur- 
bation will be nonsingular there. It has a specified nonnormalizable behavior at infinity, 
corresponding to the perturbation of the gauge theory Hamiltonian, and a specified source 
at the 5-branes. Note that this is a magnetic source, appearing in the Bianchi identity but 
not the field equation. Note also that 

d*e[Z-\*eG3 - tGs)] = d[-iZ-\HG3 - ^G^)] = . (78) 

Thus, the combination Z~^ {*qG 3 —iG 3) is annihilated by both d and d*^. Further, at infinity 
it approaches the constant value (^) which is just governed by the boundary condition on 
the nonnormalizable solution: 

Z~\hG3 - iG3) ^ -^^^5 . (79) 

It follows that it takes this constant value everywhere, independent of the warp factor Z 
and of the configuration of the brane. 

The field G3 itself does depend on the brane configuration, and we will determine it in 
section V.C, but it is not relevant here. The brane dominantly couples only to the integral 
of the potential Bg — fCg which is already determined by Eq. ( pOD to be independent of Z. 
Thus it too is independent of the brane configuration. 

B. The Potential and Solutions 

Let us consider again a probe, but now moving in the warped geometry just described. 
The potential felt by the D3-brane charge of the probe is again zero, for the usual super- 
symmetric reasons, so the Born-Infeld and Chern-Simons terms again nearly cancel, leaving 
behind the first term in the potential (0). As we noted, this term is independent of Z. 
The second term in the potential comes from the coupling to Bg — fGg, and we have found 
that this too is independent of Z. The third term, given by supersymmetry, must then also 
be Z- independent. Thus, a probe feels exactly the same potential in the warped geometry 
formed by x S"^ sources, as when all the sources are at the origin. 

Now consider the potential felt by the full set of D3-branes with 5-brane charges. 
As is familiar from electrostatics, we cannot simply take the coupling of the branes to their 
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self-field. Rather, we must think of dividing them into infinitesimal fractions and assembling 
the configuration by bringing these together one at a time; in electrostatics this produces 
the familiar factor of |. In the present case, however, there is no 'charging up' effect because 
as just shown the potential felt by each fractional 'probe' is unaffected by the distribution 
of the earlier fractions. Thus the potential is the same as in the probe case. If the brane 
configuration consists of two-spheres of respective D3-charges n/ (with = N), 5-brane 

charges {ci,di), and radii and orientations zj = 2'Ka'(f)i, the potential is 

- ^ = Y.^\Mi<Pj - ™,0,/2v^|2 . (80) 

Thus, for every collection of 5-branes of total D3-brane charge there is a solution with 
nonzero radii, 

na'imnT , , 

For a D5 sphere this is AdS coordinate radius r = -Ka'mni. For an NS5-sphere it is r = 
TTa'mgnj, smaller by a factor g (when C = 0). 

It is important to check the validity of these solutions. We have already argued that 
for all D3-branes in a single D5 or NS5 two-sphere the solution is valid in the entire 
supergravity regime. Now let us consider the problematic case discussed in section II. B, 
namely p D5-branes each of charge q, which is supposed to represent the same state as q 
NS5-branes each of charge p. For the former solution, each D5-brane has charge N/p = q 
and so the central condition (p!4D becomes 

4? = — » 1 • (82) 

gN gp 

For the NS5-brane solution we can simply interchange g ^ 1/ g and p ^ q via S-duality to 
obtain 

^ > 1 . (83) 

q 

The conditions (|^) and (^3]) are beautifully complementary, so that only one solution is 
valid at a time. At weak coupling the state is described by a D5-brane and at strong coupling 
by an NS5-brane. 

This example also provides the evidence that the condition (|T^) is a necessity, not a con- 
venience: if the solutions persisted beyond this range there would be too many, as compared 
to the known vacua of the gauge theory. Thus, we require that for each sphere 
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It would be extremely interesting to understand the crossover between the D5 and NS5 
representations of the above phase. At a minimum this will require the full nonlinear su- 
pergravity solutions, but it may involve nonperturbative brane dynamics beyond this. Note 
that at the crossover coupling the D5 and NS5 two-spheres have the same AdS radii but 
different and nonoverlapping orientations. 

There should be a similar story for the minima of the potential at (/> = 0. These are out- 
side the range of validity of the approximation, and should not correspond to true solutions 
because these would again have no duals in the gauge theory. Rather, a 5-brane at small 
should transmute into a different kind of 5-brane. 

As another example consider the oblique solutions {c,d) = The condition that 

the 5-brane energy density, added in quadratures, be much less than the D3-brane energy 
density, is [see Eq. (|63|)] 

1 s2\l/2 



/V 4 + ^) ^ l+gh^<t:gN. (85) 

a' \g^ g^ / g-^/'^a' 

For small s this is valid in most of the supergravity regime, but for s ~ it is valid nowhere. 
This resolves the overcounting, that (1, s) and (1, s + A^) represent the same state. Note that 
for s ^ 1 there is a range of g where supergravity is valid but the (1, s) brane solution is not; 
the SL{2, Z) duality (which acts on these vacua in an intricate way) gives other candidate 
brane configurations. 

There is one final issue connected with the stability of the brane solutions. Let us 
focus on the D5-brane. At opposite points on the two-sphere, the D5 world-volumes are 



antiparallel. Intuition from flat space D5-branes would suggest that this configuration 
is not supersymmetric, but this must be wrong. The supersymmetry transformation related 
to the D5 charge must be offset by the effect of the background on the much larger D3 
charge. 

We leave the analysis of supersymmetry for the future, but do address a related point: 
the self-force of the D5-brane. Again, intuition suggests that there should be an attractive 
force between opposite sides of the two-sphere, rendering the state unstable, but if the 
configuration is supersymmetric then this must vanish. Let us see how this works. In the 
D5-brane action ( pT]) , the strongest couplings to bulk fields are those of the D3-brane charge 
to G|| and to C^. The self-force from these cancels as usual due to the supersymmetry of 
D3-branes. The next strongest coupling is of the D5-brane charge to G^. It is this that 
might give an attractive force, but in fact it does not: Eq. (^) shows that the field sourced 
by the D5-brane does not act back on the D5-brane. The Ci background induces mixing 
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between F3 and H3 in such a way that the self-force cancels for any orientation!^ Finally, 
the dilaton and metric couple to the quadrature term; this is second order in a^/a^, and so 
the exchange force would be fourth order. In the supersymmetric case this should actually 
vanish, but because it is in any event small we will not show this. Moreover, even for a 
nonsupersymmetric perturbation the arguments for the vanishing of the forces from G\\ , , 
and G3 continue to hold, so only the small residue from the dilaton and G± remains. This 
is too small to destabilize the solution, as the potential (BUI) is a second order effect. 



C. First Order G3 Background 

Here we work out the first order correction to the background, which appears only in the 
field G3. In addition to the earlier result (|30|) , 

*6 G3 - iG3 = -i^ZTs , (86) 

we have the Bianchi identity with magnetic source, 

dG3 = J4 ■ (87) 

Let us adopt a coordinate system in which the brane is a sphere of radius tq in the w^''^'^ 
directions and at the origin in the y^'^'^ directions. Then 

= ATT^a'M6^{y)6{w - ro)dw A £y , (88) 

where w is the radius in the w-plane, (fy = dy^ A dy'^ A dy^, and the factor An'^a' arises as 
2K^fi^/g'^. Note that the quantum numbers M appear in a simple way. In place of Eq. (p6|), 
we can use its exterior derivative, 

2 /2 

d*QG3 = iJ^ - ^-^dZ A T3 . (89) 

This and the Bianchi identity determine G3] they can be solved in terms of potentials. 
Write 

G3 = *Qduj2 + iduj2 + drj2 (90) 



"This might seem to contradict claims that there is a large- limit of AdS space which gives flat- 
spacetime physics [^8|, since nonparallel D5-branes do attract in flat spacetime. The point is that 
this large- iV limit includes going to small AdS distances. This would bring us into the 'near-shell' 
region of the D5-brane (to be discussed in section V.D), where the above no- force analysis does 
not apply. 
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with the gauge choice 



d*QU!2 = d*Qri2 = . (91) 

Then 

dmdm^2 = *&Ji = _ ro)eijkw''dw^ A dw'' , 

dmd^r]2 = -'^^H{dZ A T3) = -^Tmupd^Zdz"" A dx^ . (92) 



The solutions are 



........ . ....^^n ^li^ l/' + ^' + ^g + 2ro^n 

,t y'^ + w'^ + — 2rQwt J 





r/g = --^T^„^dx" A dx^d^ (- In + + ^"j' j . (93) 

These do not seem very enhghtening, but we can obtain their forms at large r^: 

Sa'Mrl ■ ■ . ^ 
^2 ~ ^^ijkW dw' A dw , 

ri2 ^ ^TmnpX"'dx'' A dx^ . (94) 

These scale as the normalizable and nonnormalizable solutions respectively. The latter, ri2, 
matches the boundary condition (^81). 



t=i 



D. The Near-Shell Solution 



Our small parameter guarantees that our solution is good over most of spacetime, but it 
must break down as we approach the 5-brane shell. The metric in the directions parallel to 
the 5-brane and orthogonal to the D3-branes expands, diluting the D3-brane charge so that 
close to the 5-brane it no longer dominates. One also sees this in the ratio of energy densities, 
where the metric has the same effect. Since this occurs only close to the 5-brane, we can 
approximate the solution in this region by a flat 5-brane+D3-brane solution. Specializing 
to p D5-branesJ^ 



^See for example Eq. (6), and for the NS5 brane Eq. (35), of Ref. Note that these equations 
arise after taking the limit where a noncommutative gauge theory describes the 5-brane dynamics. 
We will return to this issue briefly in our conclusions. 
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string „ 

^ agp 



3 ' 

u 



where 



e'" = /t^^ , ds' = ^7^/^e-*/^rf4nng , (95) 



h={l + a\^y^. (96) 



Let us compare with the near-shell metric based on the harmonic function (|7B|), near the 
point (1^1,^2,^3) = (0,0, ro): 



c^-^string = -^j^Vt^udx^dx" + l^^i^w ■ dw + dy ■ dy) , (97) 

where 

p' = {w3-rof + y' . (98) 

We have also defined R'^ = ATrgna'"^ to include the case that the shell does not carry the 
full D3 charge N; we do not assume that n is small. The metrics agree away from the shell, 
au ^ 1, provided that 

a' ^gpro Ibg-^p'^rQa'^ 



With these identifications, the solution (|95D gives the continuation to au < 1. As a check, 
the crossover distance aw = 1 is 

p^ = aa = -^j^ ~ pm[gna ) ' . (100) 

Thus the shell is indeed thin: is smaller than the radius tq by p^g/nY/"^^ which is precisely 
our controlling parameter ( p2D for the D5 solution. As a reminder, tq = rmra'n/p for this 
shell. In summary, the components of the metric tangent to the two-sphere, and the dilaton, 
are multiplied by a factor p^/(p^ + pi), 



^"Sstring = -T^Vuudx'^dx'" + - — ^ {dw^dw^ + dw'^dw'^) + ^—{dw^dw^ + dy ■ dy) 
^ R'^ 2ro{p'^ + pf.) 2rop 

^2 



e'" = 9'-/--, , ds' = g'/'e-^"dsl,,^^ . (101) 

r ' rc 

This interpolates between the D3- and D5-brane metrics. 

Similarly for q NS5-branes, the solution interpolates between the D3- and NS5- solutions. 
The crossover radius is now 
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Pc = -^PT ~ (^^^'■0 ~ qni{gna ) ' , (102) 
the AdS radius is tq = rmra'gn/q for this shell, and the solution is 

H — {dw^dw^ + dy ■ dy) , 

2rop^ 

e'" = g'^^ , ds' = ^/^/^e-*/^d4ring • (103) 



For p < p'^ the metric develops the usual throat for q NS5-branes [50|. The string coupling 
becomes strong at p/p'^^ g, a proper distance Inl/g from the crossover region. 

It is important to see where the supergravity solution is valid. A crude but simple 
measure is that the radius of a transverse sphere (fixed p) must be large in string units. (We 
assume g < 1 so that the F-string scale is the relevant one.) At the crossover point, the D5 
and NS5 radii-squared are respectively 

gpa' , qa' . (104) 

The NS5 solution is valid for q ^ 1 and marginal for g = 1 (these properties continue to 
hold down the throat, until the dilaton diverges). The D5 solution has a limited range of 
validity for p ^ 1 but none for p = 1 (not even g ^ 1, because the dual string theory is 
strongly curved). Thus the low energy physics of the Higgs phase is given by the dual field 
theory description. 



E. The Complete Metric and Dilaton 

The pieces of our solution are scattered through this paper. The zeroth order solution 
is the D3-brane background (^) with harmonic function (ffBD, with the brane locations and 
orientations (^TJ). The first order correction is given by Eqs. (|90D and (|93D. The correction 
near the brane is given in Eqs. (|101|) and ( |103|) . For convenience we give here the full 
solution for the metric and dilaton in a form that interpolates between the zeroth order 
solution and the near-shell solution. We emphasize that these have overlapping ranges of 
validity, p > pc, p'^ versus p < vq. 

We focus on a single shell of D5 or NS5 type, but the generalization is straightforward. 
The solution is be conveniently written using coordinates x'^ for spacetime, for the three 
coordinates in which the brane is embedded, and for the other three. Write w, as 
spherical coordinates for the w"^, and similarly for the Both the Higgs and confining 
metrics, in string frame, can be conveniently written 
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Z-^/^r]^^dx^'dx'' + Zl^^idy^ + y^d^l + dw^) + zH^w^dn"^ 



(105) 



For the Higgs (D5) vacuum, the are x^'^'^ and the are x^'^'^; for the confining (NS5) 
vacuum at ^ = this is reversed. 
For the D5 brane we have 

2 



R 

Zx = Zy = Zq = 77- , Zq^ = Zq 

P+P- 



pl 



p'-+pl. 



where 



i?^ = A-kqN , p± = (y^ + [w± ro]^) , Pc = , ro = na'mN 



The dilaton is 



2$ 2 P- 

e = ^ 



P'- + Pi 



For the NS5-brane, we have 



7-7-7 P~ 7-7 P- +Pc 

- - Zo^2 ' - ^0 ' 



where 



Meanwhile the dilaton is 



Pc = , ro = vra m^fA/ 



2$ _ 2 P- + Pc 

(/ n 



pi 



Note pc = mB? /2 ~ m^gNa' for both branes. 



VI. GAUGE THEORY PHYSICS 



(106) 



(107) 



(108) 



(109) 



(110) 



;iii) 



In this section, we consider some of the non-perturbative objects in the field theory — 
strings, baryon vertices, domain walls, condensates, instantons and glueballs, — and discuss 
their appearance in the supergravity representation. Although objects of this type have 
appeared in a number of previous incarnations [PD|- [T^JFI|JTB|J5^J53[] , they arise here in novel 
forms. We will also consider a vacuum with massive fundamental matter and mention some 
of its amusing properties. 
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A. Flux Tubes: A First Pass 



Many of the vacua of the Af = 1* field theory have stable flux tubes. At weak coupling, 
the Higgs vacuum, where the SU{N) /7i^ gauge group is completely broken, has semiclassical 
vortex solitons in which certain components of the adjoint scalars wind at infinity. The 
topological charge associated with this winding takes values in 7ri(S'f/(A^)/Zjv) = Tin] it 
measures the magnetic flux carried by the vortex. The confining vacuum has electric flux 
tubes carrying flux in the Z^r center of SU{N). These become semiclassical solitons in the 
S'-dual description of the theory as r — 0. Similar statements apply for the oblique confining 
vacua. In the other massive vacua there are both electric and magnetic flux tubes, and 
in the Coulomb vacua there may or may not be any stable flux tubes. We will return to 
these cases in a later section. For the moment we focus our attention on the strings of the 
Higgs and confining vacua. 

One of the surprising features of Maldacena's duality is that it relates string theory to 
a conformal rather than a confining gauge theory. Unconfined electric flux lines between 
two charged sources in the conformal A/" = 4 field theory are represented by a string in the 



gravity dual 0,^]. The string in question droops into the AdS^ space, rather than lying 
at a fixed AdS radius r. Since small r corresponds to large distances in the field theory, the 
drooping string represents flux lines which spread out in the region between the sources, as 
expected in a nonconfining theory. The symmetries of AdS space suffice to show that the 
energy of the string scales as a constant plus a term inversely proportional to the separation 
of the sources. 

In the realization of confining gauge theories via high-temperature five-dimensional field 
theories |IO| -p!2|, the temperature provides an IR cutoff on r. The flux between two charged 
sources in the fleld theory now is represented by a string which droops only part way into 
the AdS^ space, becoming stuck at a radius of order the temperature R^T; consequently the 
string represents flux lines trapped in a physical string-like object, of deflnite tension and 
width. In this way the conflnement of this theory, which is hoped to be in the same univer- 
sality class as asymptotically free Yang-Mills theory, was established. The same happens in 
our dual description of Af = I* gauge theory. 

Before treating the supergravity picture carefully, we begin with an intuitive argument. 
Let us assume, as we will shortly show, that a {p, q) string, with its world-sheet oriented 
in the directions, can bind to a {p, q) 5-brane with D3-brane charge, in a state of flnite 
width and nonzero tension. We claim that this object is a conflning flux tube of the gauge 
theory; since its AdS radius is by construction constant, it certainly has a deflnite tension. 
Let us consider p = 0, g = 1, the Higgs vacuum. The potential between charged electric 
sources, given by suspending a fundamental string from two points on the AdS boundary, is 
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highly suppressed: the string can spht into two strings joining the D5-brane to the boundary, 
meaning there is httle energy cost to moving the endpoints of the string apart. By contrast, 
a Dl-brane cannot end on the D5-brane. However, it can hnk up with our putative Dl- 
D5/D3 bound state. This makes the potential between two magnetic sources linear in the 
distance between them, with a coefficient set by the tension of the bound state. Note also 
that any {p, q) string with g 7^ is similarly confined — its p Fl charges ending on the D5, 
its q charges connected to q flux tubes (or a bound state of such tubes) on the D5 brane. It 
follows that monopoles and dyons, represented by strings with D-charge, are confined in the 
Higgs vacuum, while electric charges are screened. This is as expected on general grounds 
from the field theory. 

By ^-duality, the confining vacuum sports F1-NS5 bound states. All strings except 
those having only Dl-charge will bind to the D3-NS5-brane. These bound states are the 
electric flux tubes of the gauge theory. In this vacuum it is fundamental string charge 
which is confined and D-charge which is screened, in agreement with expectations. Similar 
conclusions hold in the oblique confining vacua. 

We now turn to the supergravity description of this physics, and demonstrate that these 
bound states truly exist. In our solutions the function Z, given in Eq. ([76|), diverges at the 
branes, so all strings can lower their tensions by drooping inward toward one of the branes. 
However, we have seen that there is a crossover point near each brane, where the universal 
D3-brane behavior ceases to hold and 5-brane behavior takes over. An F-string, representing 
electric flux, couples to the string metric. The string stretches in a noncompact direction, 
so the relevant metric component is G^jy. In the D5-solution ( p.Ul| ) this still goes to zero at 
p = 0, so electric flux is unconfined. In the NS5-solution ( |103D it takes the minimum value 
r^q/TTgna' = Tra'm'^gnq, so for the confining phase, where n = N and q = 1, the tension is 

re = vram,Ar^ = ^. (112) 

This satisfies 't Hooft scaling, as expected in a confining vacuum. The F-string lowers its 
tension, but only by a finite amount, by binding to the NS5-brane. 

A D-string, representing magnetic flux, couples to e~* times the string metric. For the 
NS5-brane this now vanishes at the brane,Q but for the D5-brane there is a minimum value 



^°This 'magnetic screening' is required both by physical intuition and by 5-duality, but notice that 
it requires that the string coupling diverge in the NS5-brane throat. For multiple coincident NS5- 
branes, this can be seen in supergravity alone. For one NS brane, however, the very nature of the 
throat is in dispute [56| and it is not clear whether supergravity, worldsheet CFT, or semiclassical 
brane physics gives a good description. In any case, the D-string must dissolve in the NS5-brane, 
one way or another. 
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r'^p/irna' = TTa'm?nq. The Higgs phase magnetic tension is then 

= na'm'N^— = ^ . (113) 
2-Ka'g 2g 

The g and scahng appears to be the same as for a classical Nielsen-Oleson vortex. The 
action scales as N^/g, and the change in the field, which appears squared, is presumably of 
order 1/A^ for a Zn vortex. The D-string is bound to the D5-brane. 

Though satisfying, these results are partly outside the range of validity of the supergravity 
description. We have seen in section V.D that for D5-branes this description breaks down 
before the crossover point, while for NS5-branes it is marginal (we assume g < 1', for g > 1 
the S-dual is true.) 

Let us discuss the bound state more carefully in the D5 case, by considering the limit in 
which the D5-brane is fiat. Note first that Dl-branes outside a D5-brane are BPS saturated 
and not attracted to the D5-brane. By contrast, Dl-branes outside and parallel to a set 
of D3-branes are attracted to the D3-branes; upon reaching the D3-branes they appear 
as tubes of magnetic fiux inside an A/" = 4 gauge theory, which, since fiux is unconfined, 
expand to infinite radius. Combining the D5 and D3 branes, the Dl-brane is attracted to 
the D5/D3 object but upon reaching it cannot expand to arbitrary size. Its behavior within 
the D3-brane field theory is determined by the semiclassical calculation of the vortex soliton 
which confines magnetic fiux. Alternatively, it should be a semiclassical instanton of the 
noncommutative field theory on the 5-brane . 



Another intuitive way to see the bound state is to use T-duality. Begin with a Dl-brane 
extended in the 01-directions, a 012345 D5-brane, and 0123 D3-branes which are distributed 
in the 45-directions with density cr. A T-duality in the 5-direction converts the Dl-brane 
into a 015 D2-brane and the D5/D3 system into a D4 brane, which fills 0123 plus a line in 
the 45-plane. The line makes an angle 6 with the 5-axis, where 

tan^ = {An^a'ay^ . (114) 

If ^ = 7r/2 ((T = 0), the D2 and D4 are perpendicular and BPS, so there is no force on 
the D2. If 6* = (cr ^ oo), then the D2 can be absorbed by the D4. But if < 6* < 7r/2 
the D2 brane is attracted to the D4 but is misaligned with it, and so cannot be completely 
absorbed. Instead, only a part of it is absorbed, leading to a D2-D4 bound state of finite 
energy and size. As shown in figure 1, the tension is reduced by a factor sin^. 
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FIG. 1. D4/D2 system projected on the 45-plane. The D4-brane, which is also extended in 
0123, wraps muhiple times (tan 6). The D2-brane, which is oriented in the 05 directions, can partly 
dissolve, leaving a piece connecting two leaves of the D4-brane. 



In fact, this bound state is supersymmetric: as one sees from figure 1, after the flux 
dissolves to the maximal extent, the remaining state is a D2-brane ending on a D4-brane, a 



familiar supersymmetric configuration. The BPS bound ||3T| is 



r > 



1/2 



D4 cot^ e 



1/2 



^D2 

sin 9 



;ii5) 



where \^ is a large regulator volume in the 123 directions. 

Having established that a BPS state exists in this limit, we should now verify that a 
nearly-BPS state of essentially the same mass is still present when the D5-brane has the 
shape of a two-sphere. The D1-D5/D3 bound state is in a rather difficult region of parameter 
space because the effect of gravity is large (because the D3 charge is large) but the gravity 
description is not valid everywhere (because the Dl and D5 charges are small). At large r 
the supergravity description is valid, while at small r the effective description is the field 
theory on the brane, as in examples in ref. [Q. It appears that a correct treatment requires 
that we match these two descriptions, in the spirit of the correspondence principle By 
the logic of section V.D, the crossover between the two descriptions occurs at a radius 



p = v- 



i?2 



(116) 



We will see that it is interesting to retain an undetermined constant r] in the crossover point. 
At the crossover, the metrics in the 0123 and the 45 (if^'^) directions are 



The area of the two-sphere is then 



2'qa'rQ 



Anri 



' 2ria'rQ 



V 



;il7) 



;il8) 
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giving 

An^a'a = . (119) 

Combining the Dl tension, the rescahng of G^y, and the effect shown in figure 1 gives the 
tension 

2'Ka'g m 7] 2g ^ ^ 

This is the same as the estimate (|113| ) which came from the purely gravitational picture; 
it is independent of the precise crossover rj (a necessary, though not sufficient, condition for 
correspondence arguments to give a correct numerical value); and, one gets the same result 
if one ignores the gravitational effect entirely and takes unit coefficients in the metric ( |1 1 ?[ ) . 



It has been suggested that the Zn strings of supersymmetric QCD might be nearly BPS 
saturated in the limit of infinite N. In A/" = 1* this hope is realized, although we see that 
large gN is necessary for this to be the case. But we have not yet explained why the strings 
carry charges which are conserved only mod A^. To do so, we turn to the construction of 
the baryon vertex. 

B. Baryon Vertex 

To put sources in the fundamental representation into a gauge invariant configuration 
requires a baryon vertex. In the AdS^ x supergravity dual of A/" = 4 Yang- Mills this vertex 
is given by a D5-brane which wraps the entire ||5l|Jl3[| . We will see that in A/" = 1*, by 



contrast, the baryon vertex is a D3-brane with the topology of a ball 5^, whose boundary is 
the two-sphere of the 5-branes which form the vacuum. The link between these two pictures 
is the Hanany-Witten brane-creation mechanism []60| . 

One way to derive the nature of the baryon vertex in the Af = 1* theory is to begin 
in the ultraviolet. The ultraviolet theory is A/" = 4 supersymmetric and the spacetime 
is approximately AdS^ x S^. Let us consider the confining vacuum, represented by an 
NS5-brane two-sphere. A baryon vertex joining charged sources in a small spatial region 
corresponds to a D5-brane wrapping the near the AdS^ boundary, with N fundamental 
strings joining the boundary and the D5-brane. Now let the region containing the sources 
grow comparable to the IR cutoff distance (we will give a more precise estimate in 
section VI. H). The AdS^ radius of the D5-brane decreases until it eventually crosses the 
NS5-brane. Since drawing the sources further apart than should lead to a large energy 
cost, something dramatic must happen at this scale. And indeed, it does: the crossing of 
the D5- and NS5-brane produces a D3-brane which connects the two. 
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To see this, consider the configuration more carefully. The brane-creation process is 
local, so let us consider a nearly-fiat portion of the NS5-brane, which extends in the 12345- 
directions. The D5-brane locally extends in the 45678-directions. The distance vector be- 
tween the two branes lies in the 6-direction. In this arrangement, the crossing of the branes 
leads to the creation of a D3-brane which fills the dimensions 456. The transition is shown 
in figure 2. 



FIG. 2. a) A small baryon vertex, at r > tq: the baryon vertex is outside the of the 

vacuum brane (the vacuum brane is also extended in 123, while the baryon is not), b) The baryon 
S'^ contracted to r < tq: a 3-brane (shaded) has been created, c) The has contracted to nothing, 
leaving a 3-brane baryon fihing the S'^. 

Looking globally at the two-sphere, we see that the D3-brane fills the part of the NS5- 
brane two-sphere which lies outside the D5-brane. But the space inside the NS5-brane is 
topologically fiat; the radius of the five-sphere shrinks to zero inside. The D5-brane therefore 
is topologically unstable and can be shrunk to zero radius, leaving a D3-brane which fills the 
entire two-sphere inside the NS5-brane. Like the D5-brane which created it, this D3-brane 
is a particle in the four-dimensional spacetime; more precisely, it is a localized object whose 
size is of order m~^. If the charged sources are taken to lie further apart than this, then they 





c) 
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will connect to the D3-brane not directly but through F1-NS5 flux tubes; thus the baryon 
vertex behaves dynamically as we would expect in a confining theory. 

The D5-brane baryon vertex in the J\f — 4 theory has no preferred size or energy. Here, 
the D3-brane actually represents a physical excitation of definite size and mass. The mass 
is 



g JbS ^^t^-g g Jo (r2 + _ ^2) 

^N^^HgN). (121) 

Note that this diverges, due to a net factor Z^/^ in the integrand, until the near-shell form is 
taken into account. The result is a factor of N times 't Hooft scaling, as would be expected. 

To see directly that the D3-ball is a baryon vertex, note that the NS5-brane world- volume 
action includes a Chern- Simons term 



/ 



F2AF2AB2 . (122) 

This is the S'-dual of the term 

' F2AF2AC2 (123) 



/ 



in the D5-brane action, which is familiar as it implies that a world-volume gauge instanton 
is a dissolved Dl-brane. The D3-brane ending on the NS5-brane is a magnetic monopole 
source for F2 (the S'-dual of a familiar fact for D3- and D5-branes), while the dissolved 
D3-branes become N units of Fg. Under SB 2 = dxi, 

S J Fg (monopole) A (dissolved) A B2 — — J dFg (monopole) A (dissolved) Axi ■ (124) 

This violation, proportional to the number of dissolved D3-branes, must be offset by 
fundamental strings ending at the D3-NS5 junction. 

Note that this now also explains the quantum numbers of the flux tubes. If we place 
flux tubes close and parallel to each other, pair-creation of these D3-branes can occur. 
This allows the flux tubes to annihilate in groups of N. 

Application of S'-duality allows us to form the same construction for other similar vacua. 
Notice that the baryon vertex is always a D3-brane. However, the 5-brane on which it ends 
determines its properties. For example, if we are in the Higgs vacuum, the magnetic flux and 
its magnetic baryon form the S'-dual of what we just considered. By contrast, the electric 
baryon is completely shielded: the A^ fundamental string sources, which in the confining 
vacuum were forced to end on the D3-brane, are no longer forced to do so, since they may 
end anywhere on the D5-brane. This is of course consistent with field theory expectations. 
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Now let us consider some other vacua. Suppose that we take a vacuum where the classical 
unbroken gauge group was SU{N/k), with k <^ \/N a small divisor of N. Since only the 
SU{N/k) confines, and since a fundamental representation of the SU{N) parent breaks 
up into k copies of the fundamental representation of SU{N/k), we should expect that N 
sources would now be joined by not one but k different baryon vertices. To see this in the 
supergravity is straightforward. The relevant vacuum is given by k coincident NS5-branes, 
so when the D5-brane baryon vertex of jV = 4 crosses the NS5-branes, k D3-branes are 
created. Each of these carries N/k units of string charge (since each NS5-brane has N/k 
units of D3-brane charge) and so N/k strings must end on each of them. On the other hand, 
the k D3-branes are not bound together and may be separated spatially from one another. 
Each one represents a separate, dynamical, massive baryon vertex of SU{N/k). Note also 
that pair creation of these objects ensures that the electric fiux tubes in this vacuum carry 
only Zjv/jfc quantum numbers. 

C. Flux Tubes: A Second Pass 

Here we will look at Coulomb vacua to understand how the baryons and strings behave, 
and obtain the correct fiux tube quantum numbers. 

We have already noted the flux tubes present when the vacuum is massive — that is, 
when the classical vacuum is given by k copies of the A^/A:-dimensional representation of 
SU{2). The baryons ensured that the electric flux tubes carry flux in and the magnetic 
or dyonic flux tubes have charge in Zjv/fc- 

Let us consider instead a general Coulomb vacuum, given by choosing pi copies of the qi- 
dimensional representation, with Y^Pili = N . The unbroken gauge group is \U{pi) x U{p2) x 
... X f/(pfc)]/[/(l), corresponding to pi D5-branes of AdS radius proportional to qi. Let r to 
be the greatest common divisor of the pi, and s = gcd(gj). Simple field theoretic arguments 
then determine the properties of possible flux tubes. The topology of the breaking pattern 
of the gauge group permits magnetic flux tubes to carry a Z^ charge, while the massive 
VT-bosons of the theory will break all electric flux tubes down to those carrying a Z^ charge. 

How do we see these flux-charges in the supergravity? For the magnetic flux, it is 
straightforward. Consider a collection of k magnetic flux tubes. A magnetic flux tube can 
be moved with impunity from one D5-brane to another, since two flux tubes on different D5- 
branes can be connected by a Dl-string in the radial direction, corresponding to a magnetic 
gauge boson. A magnetic baryon vertex connecting to a D5-brane of radius qi can remove 
or add qi flux tubes from the k that we started with. Since we may move all the flux tubes 
from the first group of D5-branes to the second group, we may also remove any multiple of 
q2 flux tubes from our collection. Removing q^ flux tubes in any combination, we are left 



39 



with a number k with < A; < gcd({gj}). This confirms what we set out to prove. 

To see the charges of the electric flux tubes requires S'-duality, which in not understood 
for the general Coulomb vacuum. However, we conjecture that the r ^ —'^/t transformation 
acts in a simple way in an important subclass of the vacua. In particular, consider those 
classes of vacua where all {pi} are distinct integers and all {qi} are distinct integers. In 
this case we claim that the S'-dual of this vacuum is that with NS5-branes of radius p,. 
This is of course consistent with the known transformation of the massive vacua 0, for 
which piqi = N. The S'-dual of the argument in the previous paragraph then shows that 
the electric flux tubes for these vacua is indeed Z^. Indeed, this is our main evidence for the 
conjecture. 

If the Pi or the qi are not distinct integers, then the S'-duality transformation we have 
suggested is ambiguous. We do not know what happens in this case, either in field theory 
or in super gravity. 



D. Domain Walls 



Since the theory has many isolated vacua, it also has a large number of domain walls 
which can separate two spatial regions in different vacua. If the walls are spatially uniform 



then they may be BPS saturated pl| , |62[] . 

Between the oblique confining vacuum represented by a (1,1) 5-brane sphere and the 
confining vacuum represented by an NS5-brane, there must be a BPS domain wall which 
carries off one unit of D5-brane charge. We may therefore conjecture that a BPS junction 
of three 5-branes — the NS5-brane sphere for > 0, the (1, 1) 5-brane sphere for < 0, 
and a D5-brane at = which fills the two-sphere — describes this domain wall. That 
is, the world-volume of the D5-brane is the 023-plane of the domain wall times the three- 
ball spanning the two-sphere. At small g the NS5-brane and the (1, 1) brane are nearly 
coincident (their AdS radius and orientation on the differ only at order g) and the effect 
of the D5-brane on the much denser NS5-brane is very small. 

We can see that this reproduces some known properties of the domain wall. First ||6T| , |62| , 
the flux tubes of the theory (Fl strings) obviously can end on the domain wall (a D5-brane). 
Furthermore, consider dragging a (1,1) dyonic string, representing a dyonic source in the 
gauge theory, across the wall. For x^ < 0, the dyon is screened; it can end happily on the 
(1, 1) 5-brane. For x^ > 0, the dyon is confined; its monopole charge ends on the NS5-brane, 
but its electric charge must join onto a flux tube — an F1-NS5 bound state — which in turn 
ends on the D5-brane domain wall. Finally, note that we may dissolve an A^-string vertex 
(a D3-brane) into this domain wall (a D5-brane), leaving strings which end on the wall 
and are free to move around on it. If we then permit this domain wall to annihilate with 
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an antidomain wall with no strings attached, then the annihilation will leave a D3-brane 
behind on which the strings may end, as in the well-known process described in [ |63[] . 

More generally, if for < the system is in the phase corresponding to a (c, d) 5-brane, 
and for > it is in the phase corresponding to a (c', d') 5-brane, then a {c — c',d — d') 
5-brane must fill the 2-sphere where they meet. In general the branes on the right and left 
have different orientations and radii, and so must bend as they meet as depicted in figure 3. 




FIG. 3. Triple 5-brane junction, corresponding to a domain wall. Depicted is z(x^); the full 
geometry is obtained by translating in x^'^ and rotating in the transverse 50(3) symmetry. At 
j;^ < the system is in the vacuum corresponding to 5-brane A; at > it is in the vacuum 
corresponding to 5-brane B, with different radius and orientation. The domain wall lies in the 
shaded plane x^ = and is a 5-brane of type C. The bending of branes A and B is described by 
the BPS equation (135). 



When the left and right phases involve multiple spheres, there will be a more complicated 
domain wall, constructed from multiple triple 5-brane junctions. 

To discuss the domain wall tensions quantitatively we need the kinetic term for the 
collective coordinate z = 27ra'0. This arises in the Born-Infeld action, from 

G^^(induced) = G^^ + Gmnd^x"^d^x'' . (125) 

Then 

I = -^2 W J d^i Gf{F,,F'^'f'^t^d,x^d,x'' = -^^'^^d,^d,<P . (126) 

This gives the Kahler potential K = n^^/2Trg. This is the same as Eq. ( [74|) for the classical 
gauge theory, but by an SL{2, Z) transformation one can show that it holds for all {c,d). 
This makes sense, as the main kinetic effect comes from the D3-branes, which are self-dual. 
With this normalization the potential (|80|) implies the superpotential 
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as in Eq. (ffil). At the nonzero stationary point this takes the value 

W - 



m n 



(128) 



For a multi-brane configuration it is summed over /. 

We cannot rule out an additional additive contribution to this superpotential, although 
from our semiclassical reasoning we know that any such contribution must be subleading in 
the Higgs vacuum and others containing only large D5-branes.[^ Field theory also suffers 
from the same ambiguity p]. Up to these additive contributions, the field theory and 
supergravity agree. Consider the massive vacuum corresponding to p D5 branes of radius g; 
for this vacuum M = p. Using 0, it is easy to obtain a slight generalization of (adjusted 
to match our conventions, and with the function A{t, N) in Eq. (5) of M set to zero) 
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(129) 



Here E2 is the second Eisenstein series, and we have used Eq. ( ^2] ) and E2{ioo) = 1. Note 
the first term is p independent and is subleading for p <^ ^/N. For the massive vacuum 
given by q (1, k) 5-branes of radius p, k p, in which M = q{T + k), the formula is 
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but since Eqs. (B3) applies and xE2{x) = x ^E2{—x ^) + (Gz/vr), 
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The first term in this expression is the same as in the D5-brane vacua, so field theory and 
supergravity agree up to a classically-subleading M-independent function. 
For a supersymmetric domain wall between two phases, the tension is 
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(132) 



Let us consider two examples, to see that the 5-brane junction construction reproduces this 
tension. For both examples we take g '^1. 

The first is the domain wall described above, between the confining and first oblique 
confining phase. The general result (p.32|) becomes 
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We thank O. Aharony for pointing out an error in our orginal approach. 
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I I {%g~^)-^ - {ig-^ + 1)-^ ^ . (133) 



247r 



In the brane picture, the tension comes from the spanning D5-brane. This has three trans- 
verse and three longitudinal dimensions and so feels no warp factor, giving simply 

47rr3 /is Im^l/A^^^ 

tdw = -T. = — TT. • (134) 

3 g ZAn 

The agreement is quite beautiful, given the very different physics that has gone into the two 
calculations. 

The second example is the domain wall between the confining and Higgs phases: a 
junction between an NS5-brane and a D5-brane, spanned by a (1,1) 5-brane. The NS5- 
brane is at much smaller radius than the D5-brane (by a factor g) and has much greater 
tension, so the predominant effect is that the D5-brane bends down to join the NS5-brane. 
The bending is described by the BPS equation 



dW 

d,<P = (135) 

with Q any phase. For m real, Q = —1 gives a solution that passes through the origin and 
the nonzero stationary point, approximating to order g the solution needed. The tension 
comes primarily from this bending. 

In this case the general result ( |132| ) follows by construction 

= 4sr ■ ''''' 

where the superpotential in the confining phase is smaller by 0{g^). It will be an interest- 
ing exercise to show that the brane construction reproduces Eq. ( |132|) in the general case, 
without assuming small g. 

Note that a domain wall is the same as a baryon vertex extended in two additional 
directions. By analogy, we might expect the D5-brane three-ball which acts as a domain 
wall to be associated with passing a D7-brane through the NS5-brane. This suggests that 
D7-branes should be reexamined in the original AdS^ x context. 

E. QCD-like vacua 

It is amusing that A/" = 1* is rich enough to permit us to study a theory similar to QCD 
with heavy quarks. Suppose we consider a vacuum with a D5-brane of radius n and one 
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NS5-brane of radius N — n. Here we assume the usual condition on n, ^ gN, but take 
n ~ gN, so the D5-branes have comparable ^4^5' radius to the NS5-brane. In the field 
theory this corresponds to a vacuum with a broken SU{n) sector, a U{1) vector multiplet, 
and a confining SU{N — n) sector. Among the massive vector multiplets are spin-1 bosons, 
along with fermions and scalars, charged as {n, N — n) under SU{n) x SU{N — n). These 
are strings connecting the D5-brane to the NS5-brane. We will refer to these as 'quarks'. 
Clearly these theories have no free quarks: the D5-NS5 strings cannot exist in isolation, since 
they cannot actually end on the NS5-brane, and instead must be connected to a fiux tube. 
Note that the SU (n) acts as a sort of fiavor group for the quarks (analogous to broken weak 
isospin), and we will refer to its massive adjoint representation as 'fiavor' gauge multiplets. 

In order that the supergravity solution be valid, we must have n » (gNY^"^. When 
n — gN, so that the D5 and NS5 sit at equal AdS radii, the quark has mass of order 



which agrees with field theory. However, it is easy to see that if n is smaller than gN^ the 
quark retains mass ~ mgN; indeed, as an extreme, note that if a D3-brane sits exactly at 
r — 0, corresponding to {gNy/"^ <^ n <^ gN, the quark mass is just proportional to the 
coordinate length of the string, mgN. We therefore see signs that the physical 'constituent' 
masses of the quarks can be much larger than their current values. Of course the quarks are 
never light compared to m. 

We can see easily that QCD-hke theories have no stable fiux tubes due to quark pair 
production. Recall that we measure the potential V{L) between two electric sources by 
hanging a probe string by its ends from the AdS boundary, with the ends a distance L 
apart. Take L » m~^{gN)~^^'^] then in the absence of the D5-brane, the probe would bind 
to the NS5-brane forming a confining fiux tube between the sources. In the presence of the 
D5-brane, however, pair production of the D5-NS5 strings can occur. This breaks the fiux 
tube, which shrinks away allowing the quark to screen the source. The probe string ends up 
as two strings a distance L apart, each attached to the D5-brane. Note however that if we 
take n ^ gN , the quarks become very heavy, and the time scale for their pair production 
becomes very long. In this limit the confining fiux tubes are metastable. 

Low-lying quark-antiquark mesons are not stable in this theory. Highly excited mesons 
are represented by two D5-NS5 strings joined by a long F1-NS5 fiux tube. However, as the 
mesons deexcite by emission of glueballs (either supergravity or string states), it eventually 
becomes energetically preferable for them to decay to a D5-D5 string, bypassing the NS5- 
brane altogether. In short, the lowest lying mesons between two quarks always mix with and 
decay to a massive, but lighter, flavor particle, in a vector multiplet of the broken SU {n) 
group. (Indeed this almost happens in nature; charged pions decay through isospin gauge 
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multiplets, although not because those gauge bosons are hght but because they couple to 
light leptonic states — which could also be represented here, if there were a need.) 

Baryons, on the other hand, carry a conserved charge and are both stable and interesting. 
N — n D5-NS5 strings can end on a D3-brane filling the NS5-brane two-sphere, forming an 
object whose mass can be computed. If we arrange for a more complicated spectrum of 
quarks by choosing to use multiple D5-branes of various radii, then there are processes by 
which baryons can be built from quarks of different masses, and can decay by emission of 
fiavored mesons (or the corresponding gauge multiplets of the 'flavor' group.) Scattering of 
baryons, or of baryons and antibaryons, could also be studied. In addition, it is possible that 
these baryons have residual attractive short range interactions (different from the physical 
case in that they are dominated by the 'flavor' gauge multiplets) which can cause them to 
form nuclei. It would be amusing to look for such baryon-baryon bound states. Furthermore, 
these baryons and nuclei carry U{1) gauge charges, and in some vacua there are lepton-like 
objects which presumably can combine with them to form atoms. 

We cannot resist mentioning one more possibility, although it admittedly may not be 
realized. Namely, our baryons act as DO branes in spacetime, and our domain walls as 
D2-branes (their structure in the extra dimensions is identical, so we suppress it.) While 
we are not used to thinking of baryons as places where strings can end, this is quite natural 
if there are no light quarks; if all quarks are heavy then short flux tubes are stable, and 
physical baryons can be linked by them. Turning on condensates of these flux tubes makes 
the positions of the baryons noncommuting (note these branes have no massless world- 
volume gauge fields, but still have massless scalars), and through the Kabat and Taylor 
mechanism |]T3|, an assembly of baryons can be arranged into a spherical domain wall! Thus 
the properties of the gauge theory recapitulate the method we have used to solve it. In 
practise, one should try to implement this process physically, through Myers' mechanism 
Here we have a difficulty, as the required three-form potential is a massive state, a 
glueball which couples to domain walls , so we cannot create a long-range field to induce 
a dipole charge. However, there may be ways to circumvent this problem, and create this 
effect as a thought experiment or even in a lattice simulation, where hints of domain walls 
have been observed []65|. 



F. Condensates 



With the naked singularity banished, the coefficients of the normalizable terms in the 
supergravity fields, and so the dual condensates, become calculable. We have already deter- 
mined the superpotential in our discussion of domain walls, and in principle the condensates 
can be determined directly from this function. The full field theoretic superpotential, and 
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corresponding condensates, are also known . However there are subtleties l3^j6^ , and our 
understanding is only partial. 

The condensates of the operators AA, tr[$i, <l>2]'^'3 and mjtr$j<I>j are all related by the 
chiral anomaly and operator mixing. A linear combination of these must couple, by the 
AdS /CFT correspondence, to the mode of G3 which falls off as in invariant units, 
which we have identified in Eq. (^). More generally, higher modes of should give the 
expectation values of all of the chiral operators AA^'^ + ■ ■ ■. For the lowest mode of G3, 
Eq. ( p4|) for LJ2 gives the m and phase dependent parts as 



Mrl oc ^ . (138) 



For multiple shells, superposition gives 



-^E^- (139) 



Note that there are two 5*0 (3) -invariant fermion bilinears, namely AjAj and A4A4. These 
correspond to the polarization tensors e^ji and eijk, which have equal overlap with the actual 
field e„i„2^3. 

In the Higgs vacuum, and other vacua with only large D5-branes, all condensates can be 
described semiclassically. The expectation values for tr[$i, $2]'^'3 and mjtr$j$j are known, 
and their m, n and M scaling agrees with ( |139| ). In the confining cases, however, the 
situation is more subtle, since these operators have condensates of different sizes and since 
the gluino bilinear is also expected to play a role. We note the following facts. First, 
careful examination of the field theory superpotential given in reveals no obvious linear 
combination of the operators whose expectation values would have this property — except 
the second term in the superpotential itself, as discussed in section VII. D. Second, there is 
every indication from our study of domain walls that the second term in the superpotential, 
proportional to the two-sphere volume times the 5-brane's charge under *G3, measures the 
dipole moment of the 5-branes. Naturally, the lowest normalizable mode of couples to the 
lowest allowable 5-brane multipole moment, which is indeed a magnetic dipole. We therefore 
speculate that perhaps the ijk components of Gg couple to this part of the superpotential, 
and to the worldsheet instantons which we will discuss in section VII. G below. 

In any case, the supergravity clearly shows that there are expectation values for some 
dimension-three operators which classically would have had vanishing vevs. It also shows 
these vevs differ from one confining vacuum to the next. These qualitative features certainly 
agree with field theory. 

The chiral operators F'^(f)^ are determined by the dilaton background. The dilaton is 
nontrivial and is obtained from 
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= ' ?>\y)K^ - ro) + |^Re(G_,G-^) . (140) 



The first term comes from tlie coupling of the dilaton to the 5-brane through the Born-Infeld 
action. The second is directly from the couphng to the bulk fields. Taking the value of tq 
appropriate to a single shell of quantum numbers M, and integrating over a volume of order 
Tq, both terms are of order vp^W'Tq and must be retained. One can argue that they must 
cancel in the dilaton monopole, which gives the expectation value of the derivative of the 
Lagrangian with respect to the coupling; this must vanish in a supersymmetric vacuum. 
Many of the higher operators F^^'^ are also highest components of superfields, and for them 
a similar argument should apply. We have not yet shown this cancellation directly for the 
background (|14CI|) , and it is possible that there are subtleties. It is a challenge to include 
this varying dilaton in the full nonlinear treatment of supergravity. 



G. Instantons 



At weak coupling, many quantities in = 4 Yang-Mills theory receive contributions 
from instantons. Holomorphic objects can be written as an instanton expansion, given by 
an infinite series in powers of the parameter q = e^'^*'^. This expansion is not useful at strong 
coupling, but in that case the same objects can typically be reexpressed, using a modular 
transformation, in terms of g = e"^'^*/^ (or some other S'L(2, Z) variant.) In string theory, 
both in perturbation theory for flat D3 branes and in the AdS^ x language, D-instantons 
[D-(— 1) branes], whose action is 2TT/g, play the role of these fleld theory instantons. For 
large g one uses an expansion in magnetic D-instantons, with action 271 g, or more generally 
in dyonic D-instantons. 

In A/" = 1*, the situation is slightly different. Consider flrst weak 't Hooft coupling, such 
that the strong coupling scale A is much less than m. In this case the Higgs vacuum has a 
superpotential which is an expansion in g = e^'^*'^, but the superpotential of the confining 
vacuum has an expansion in q^^^ . The in the exponent is responsible, in the m ^ oc 
limit, for SU{N) Yang-Mills having vacua, related by ^ ^ ^ + 27ik. It has long been 
suggested that this behavior implies the existence of fractional instantons, carrying 1/A^ 
units of instanton charge, which, unlike instantons themselves, remain important in the 
large A^ limit. Some evidence for these objects has been found in MQCD (note that 
these are distinct from similar objects which require compactification of a dimension of 
spacetime for their existence) and there is even a claim that they have been seen in lattice 
nonsupersymmetric Yang-Mills [Q. 

We might hope to find such objects here, but for the same reason that A ~ m, we cannot 
do so, for of order one, and the fractional-instanton expansion fails. We also cannot 
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use the magnetic instanton expansion, since (? ^ 1. But remarkably, as can be inferred 
from the results of there is yet another expansion, one which is dual, in the sense of 
gN {gN)'^, to the expansion in fractional instantons. 

In particular, Dorey and Kumar show that the superpotential for the confining vacuum 
is proportional to 

E2{r) - (^) (141) 



where E2 is the second Eisenstein series. For large imaginary arguments, E2{z) can be 
written as an expansion in e^'^*^. The first term in ( |141| ) can therefore be interpreted as a 
sum over ordinary instantons. The second term, by contrast, cannot be expanded in this 
way, since \t/N\ ^ 1. However, since N/t is large and imaginary, we may make progress as 
in by using the anomalous modular transformation 

E^iz) = {--] + — . (142) 
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from which we learn that the second term in Eq. (|141D dominates the first and that it can 



be expanded in power of e"^'^*^/'^ = e~'^^^^ . This is an expansion in a small quantity, and 
we need only provide an interpretation for it. 

This is not difficult to obtain, for an NS5-brane of the form S"^ times Minkowski space 
permits the string world-sheet to wrap the 5*^, producing instantons. From the metric (|109|) 
the proper area of the NS5-brane sphere times the tension of the fundamental string is 
minimized by 

which is just as required to explain the expansion in the superpotential. As a check, note 
that if we repeat the calculation for a vacuum with q coincident spheres, both the area of 
the spheres and the exponent in the field theory are reduced by a factor q. For the Higgs 
vacuum, the metric and dilaton in Eqs. ( |106| ) and ( |108| ) imply the area of the D5-sphere 
times the tension of a Dl brane goes at small p to 

2^ = 2-iV/9 . (144) 

Since the Higgs vacuum superpotential is proportional to P] 

E2{t)-NE2{Nt) (145) 

we may again interpret the second term (now much smaller than the first term, except 
for its leading r-independent contribution) as an expansion in Dl-instantons wrapping the 
D5-brane two-sphere. 
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It would be interesting to find a string theory interpretation for tlie coefficients in the 
expansion of of the superpotential, and especially for the anomalous term in the modular 
transformation of E2. 



H. Glueballs and Other Particle States 

The spectrum of states in this theory is complicated, and we do not yet have a physical 
understanding of its features. We will outline its structure and point out some puzzles and 
problems which must be solved in future. 

First, there is already surprising structure in the J\f = A theory in the vacuum with Z 
given by Eq. (JT^), where the D3-branes form a 2-sphere of radius tq. The typical warp factor 
in the region r ~ tq ~ mN{g)a' is Z ~ R^/r^. A supergravity state then has typical fc^ 
given by |^| 



C^'k^K ~ G'^^kmkn (146) 



so that 



k, ~ Z-'/'k^ ~ ^ ~ mg^'/'N'/' . (147) 

where the minus (plus) sign applies for the D3-sphere radius appropriate to the Higgs (con- 
fining) vacuum. Immediately we have a puzzle. The semiclassical field theory of this A/" = 4 
vacuum would have led us to expect physics from the VT-bosons whose masses lie between 
the scales m and Nm. There are also monopoles of masses m/g and Nm/g. These states 
are present on the supergravity side as F- and D-strings stretched between the D3-branes. 
But there is no sign of gauge theory states with masses given in the previous equation. The 
situation is not improved by consideration of excited string states in the bulk, for which one 
has similarly 



G^'^k^k^ ~ l/a' (148) 



and 



k, ~ Z-'/'a'-'/' ~ ^ ~ mg^'/'N'/' x (^iV)V4 , (149) 
an odd-looking scale. 

Now, what changes when the D5- or NS5-brane charge is added? For the D5-brane, 
essentially nothing happens to these arguments. This is despite the fact that a magnetic 
flux tube has formed, with a tension whose square root is given by Eq. ( p.47| ) with the minus 



sign. Presumably the details shifts around slightly, and of course the massless photons of 
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the D3-branes now develop mass of order m, but apparently the spectrum is otherwise little 
changed. 

For the NS5-brane, the situation is more subtle. The electric flux tube has a tension 
whose square root is given, as in the D5 case by Eq. ( |147] ), now with the plus sign. But in 
addition, unlike the D5-brane, the NS5-brane has a throat region. If we consider a vacuum 
with several coincident NS5-branes, then the throat region is reasonably well understood, 
since it can be described in conformal fleld theory in the region where the string coupling is 
small From this it is known that supergravity states get string-scale masses from the 



coupling to the throat geometry. Using the metric ( |103| ) in the calculation (|148|) gives 



K ~ rl'^p'^'^R-'a'-^'^ ~ ^ ~ mg^'^N^'^ . (150) 

This applies to both supergravity and excited string states. Notice that this is the same 
scale as for supergravity states in the bulk, and for the string tension. 

Unfortunately, the confining vacuum has only one NS5-brane, and there is a long-standing 
controversy over this object, reflecting the difficulty of doing any reliable calculations in its 



presence ||56|. There are disputes over whether the throat and its region of strong coupling 
even exist. In any case, neither supergravity nor conformal field theory is reliable, and we 
simply do not know what the spectrum will do in this regime. We note this may hint at a 
profound obstacle to using string theory as a practical computational tool in QCD. 

In both the D5 and NS5 cases, there is one more class of light states, arising from the 
massless gauge fields on the 5-brane. Relative to the bulk states, the magnetic field on the 
D5-brane reduces the velocity of open string states by a factor of the dimensionless field, 
V ~ (A^/gf)"^/^: restoring F^^jF^'^ and F^aF^"" to the brane action, one finds that the latter 
is multiplied by v"^. The mass gap is reduced by the corresponding factor, and so is simply 

kfj^ m . (151) 

This agrees with the classical result, since these are the W bosons and this is the scale of 



SU (N) breaking. Meanwhile, the NS5-brane has a normalizable zero mode |^ , which gives 
rise to the massless vector required by S'-duality to the D5-brane. We assume that this mode 
survives when D3-branes are dissolved in the NS5-brane. Then 



G^'^k^K ^G"""" k^ik^i , (152) 
and 

k, ~ ^fc^i ~ ^ ~ m . (153) 

Again we find a lighter branch of states localized at the brane. By analogy to the Higgs 
vacuum, one might interpret them as massive magnetic gluons, but in the NS system they 
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are not open strings but rather closed string states in localized wavefunctions on the throat. 
Most of them carry 5*0 (3) quantum numbers and are therefore not seen in A/" = 1 Yang-Mills 
theory. Some or all of the remainder may mix with bulk states, as we discuss below. 

Before doing so, we note that all of the masses we have obtained in the confining vacuum 
are consistent with 't Hooft scaling, as they are proportional to m times a power of gN. 
This is pleasing, although it means of course that all of the states merge and mix as gN is 
taken small, making any quantitative computations in this regime essentially irrelevant for 
J\f =1 Yang-Mills. 

Let us note one important interplay between the open and closed string states. There 
would appear to be one unbroken U{1) gauge group per (nonco incident) brane, from the 
world-sheet gauge field on each brane. For an SU (2) representation given by the sum of 
k distinct irreducible blocks, SU{N) is broken to f/(l)^^^. On the string side there are k 
D5-spheres and so apparently a.U{l)^. In fact, one U{1) should be hfted by the coupling to 
the bulk states.0 We have not understood all the details, but will indicate the ingredients. 
There is a massless tensor in 3 + 1 dimensions, with the field B^^ independent of x"*. Its 
kinetic term is 

J d'^xVGH^^xH^''^ = J d^x^7]>^^'7]-"''7]^^'H^,^H^>,,y J d^x^Z^ . (154) 

The x"^ integral converges both at the branes and at infinity, so this is a discrete state. By 
itself, the coupling of this field to F^^^ in the Born-Infeld action would generate a mass for 
one linear combination of ?7(l)'s via the Higgs mechanism. However, the field C^,y also has 
a zero mode, seemingly lifting a second U{1). The actual story must be more complicated, 
with the bulk Chern-Simons term playing a role, because from the point of view of a single 
brane this would be simultaneous electric and magnetic Higgsing, an impossibility. 

VII. EXTENSIONS 
A. Unequal Masses 

Now we consider the general A/" = 1 case, three masses not necessarily equal. Examina- 
tion of the classical F-term equations suggest use of the coordinates 

= 1/7712^3 X cos 9 , 
= i/m^ms X sin 6' COS , 
z^ = ■x/mim2 X sin 9 sin . (155) 



This was suggested by E. Witten. 
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We will study the potential with the Ansatz that x is constant and also that F^^ = ^nsinO. 
We insert this into the potential (|69|). Noting that 



det = 4m|mim2m3X^|Z sin^ 6' , 

rh = \mi I cos^ 9 + |m2 1 sin^ 9 cos^ + |m3 1 sin^ 9 cos^ i 



TmnpX^dx^ A (ix^ = \mim2m^\{\mi\ + |m2| + ImsDxx 

r --T- 

- ijk Ijk 



-2 



TijkTukZ'z'' = 2m\mim2m3X^\ , (156) 



the potential becomes 

S 4:\mim2m^\ |mi| + |m2| + jmal 



\Mx^ - 2na'mx/2V2\'^ . (157) 



V TTgn{2TTa')^ 3 

This has a supersymmetric minimum at x = 27ra'in/2\/2M. The two-sphere is now an 
ellipsoid with axes 



Tia'n r, r Tia'n n r vra'n 



|M| V ' V l"^i"^3| , ^^Vl"^i"^2| • (158) 

When 7713 ^ with rrii = 777-2 fixed, we obtain M = 2 Yang-Mills; here the ellipsoid 
degenerates into a line of length tt^i. This is very easy to understand, classically, for the 
Higgs vacuum. M = 2 Yang-Mills with a massive hypermultiplet has a moduli space, which 
classically is just given by the positions of D3-branes (suitably modified so that they can 
only move in two dimensions — this remains to be understood in our present context.) On 
this space is a single point where there are — 1 massless electrically charged particles, 
from the hypermultiplet. At this point, the A^ D3-branes are arranged in a line. From the 
classical equations, it is easy to see that an A/" = 2 breaking mass parameter for the vector 
multiplet causes this line to become a noncommutative ellipsoid analogous to the sphere of 
||r5| . In addition, the electromagnetic dual of this transition corresponds to a well-known 
fact, both in field theory [[71| -|73| and in MQCD |6^J7^ -|76|, concerning the breaking of pure 



M = 2 Yang- Mills to M = 1. The moduli space of A/" = 2 has an associated Seiberg- 
Witten auxiliary Riemann surface of genus g. There are A^ special isolated points on the 
moduli space where A^ — 1 mutually local dyons become massless, and the Riemann surface 
completely degenerates. In this degeneration, the A^ handles of the surface join along a 
singular line segment. The addition of a mass parameter breaking M = 2 super symmetry to 
M = 1 engenders a transition whereby the A^ handles join to form a single surface of genus 
zero: the line segment opens up into a closed curve. In M theory this is represented by a 
multigenus M5-brane making a transition to a genus zero M5-brane. Here we see signs of 
a similar phenomenon; the 3-branes which represent the moduli space of the M = 2 theory 
presumably align along a line segment, then join and expand to form an NS5-brane ellipsoid. 
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By contrast, when mi = m2 — > with ma fixed, the elhpsoid becomes a disk while its 
overall size shrinks to zero. In the field theory, one expects an infrared fixed point, and 
indeed the supergravity should go over smoothly to the kink solution of and at small 
r to the ten-dimensional space of |7^. Presumably the G3 background in [|7^] is related to 



the linearized one we have obtained in Eq. (pq), although we have not checked this. 

It would be interesting to understand these connections in more detail, but we should 
note that our approximations will break down in these limits. We have seen that the 5-brane 
shell has a finite thickness, and we need this to be less than the shortest axis of the ellipsoid 
for our linearized approach to be consistent. 

We note also that most of our results generalize easily to this case. The superpotential, 
the domain wall tensions and the condensates, are all related, as is the dipole moment of 
the 5-brane, to the volume of the ellipsoid oc mim2m^. The fiux tubes will presumably show 
signs of the extra metastable Regge trajectories seen in |j73| by localizing on the ellipsoid. 



along the lines observed in MQCD in [75 



B. AA = 

Let us make a few brief remarks about the nonsupersymmetric case, m4 = m' with 
mi = m2 = ms = m kept equal. The potential is now 

-- = ±-— J|Mn^|^ + ^^Im[(3m^z^ + mV)Mj + ^^''"'''^' o(^^)| . (159) 

The quadratic term depends on the boundary conditions, as discussed at the end of sec- 
tion IV.A. Its general form is given by 

0{z^) = \\z\'Y.\m,\^ + {L = 2) . (160) 
■J i=i 

In the absence of supersymmetry we must make a particular choice of the L = 2 harmonic 



defined in Eq. ([65|), which represents a traceless combination of masses for the scalar 
bilinears. This harmonic reduces the masses of some of the scalars, and if too large it can 
cause the gauge symmetry to break. However, it represents an adjustable parameter in the 
Lagrangian, so we are completely free to choose it in such a way that it preserves a stable 
vacuum, assuming such a choice exists. Further, if we maintain 50 (3) invariance, the choices 
are greatly reduced. 

Since /i^n = in the S"© (3) -invariant supersymmetric case, and since the vacua in 
the supersymmetric case are stable, it is evident that for small m'/m the continued use 
of ^mn = leads to stable vacua at nonzero z. Of course, the vacua need no longer be 
degenerate. Whether the single NS5-brane is the preferred vacuum is less obvious, although 
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it seems likely, since it is an extreme case among the vacua. In such a vacuum the spectrum 
would be altered and the stable domain walls would be lost, but most of the other features of 
the confining vacuum — flux tubes, baryon vertices, condensates and instantons — would be 
qualitatively unchanged. The new features would be the appearance of gluon condensates, 
such as trF^, which must be zero in the supersymmetric case, and nontrivial dependence on 
the phase of m'/m. 

While the situation is less clear when m' ~ m, there are reasons to expect, on purely 
physical grounds, that a confining vacuum does in fact exist. It seems a worthwhile challenge 
to seek it in supergravity. 



C. Orbifolds and QCD 



Many authors have studied supersymmetric and nonsupersymmetric orbifolds of the 
A/" = 4 Yang-Mills theory, its D3-brane representation and its supergravity dual. (A list of 
references may be found in [^.) Here we briefly consider two orbifolds of the results we 
have obtained above. 

In the A/" = 4 theory, a Z2 orbifold on four coordinates leaves an A/" = 2 SU {N) x SU {N) 
theory with (N, N) + (N, N) hypermultiplets. We can combine this action with the mass 
perturbation in two distinct ways. The first is a simultaneous rotation by vr in the 45- and 
78-planes. This is part of the SU{2) that acts on the chiral superfields, and so commutes 
with the A/" = 1 supersymmetry and leaves it unbroken. The second is a rotation by vr in 
the 45-plane and — vr in the 78-plane. Since it differs from the first rotation by a 2tt rotation 
in the 78-plane, we can think of it as the first rotation times (— l)'^, with F being spacetime 
fermion number. The first rotation commutes with the Af = 1 supersymmetry generator, 
so the second anticommutes with it and leaves a nonsupersymmetric theory. Note that the 
two rotations are conjugate to one another, and so in the absence of the mass term would 
give equivalent theories. 

We are assuming that the Z2 acts on the Chan-Paton factors as 



In 
-In 



(161) 



More generally the blocks could be different sizes, leading to an SU{N) x SU{M) gauge 
theory; this gives rise to a twisted state tadpole and so is more complicated |7^. For the 
supersymmetric orbifold, the massless fields that survive are 





_ 


" 


'^3 = 


$1 = 


■ 

.4 


. 


$2 = 



$ 
$' 

Q2 
Q2 



(162) 
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Thus there are SU{N) x SU{N) vector multiplets, chiral multiplets $ and $' in the respective 
adjoints, and bifundamental chiral multiplets Qi, Q2 in the (N, N) and Qi, Q2 in the (N, N). 
The J\f = 1 superpotential is oc (p{QiQ2 — Q2Qi) +4>{QiQ2 — Q2Qi)- The AdS description 
of this theory is AdS^ x S^/Z2. There is a fixed plane at = = x"^ = = 0, which 
in the supergravity is AdS^ x where the second factor is a fixed on the S^. We 
may preserve supersymmetry and add the superpotential m(0^ + 0^ + QiQi + Q2Q2)- In 
the gravity description, this is simply the perturbation we studied earlier. The low energy 
theory consists of two separate M = 1 Yang-Mills theories with no massless matter. There 
are two gluino bilinears operators, one even and one odd under the Z2. 

The second rotation differs by (—1)^, so the action on the bosons is the same: they are 
the same as for the theory (|162|) . The action on the fermions is opposite, so the fermionic 
partners are all absent, while fermions appear in all the blocks with O's. Thus the low-energy 
field theory in this case is nonsupersymmetric SU{N) x SU (N) gauge theory with a Dirac 
fermion \E' in the (N, N). This is a Z2 orbifold of A/" = 1 Yang- Mills [|80|. It has no fermion 
bilinear odd under the Z2. Note that for = 3 it is QCD with three massless quarks and 
with the vector SU{3) of the fiavor group gauged. This gauging removes all but a Z3 axial 
symmetry, or more generally a Z^r. 

In both cases, the renormalization group fiow is from an SU{N) x SU{N) M = 2 su- 
persymmetric theory in the ultraviolet to a gauge theory with massless fermions but no 
massless scalars. In the limit m — » 00, with and = exp(— STr^/gfyM^) fixed, the 
supersymmetric orbifold has A^^ vacua; these confining vacua, in which the two gluino bi- 
linears have separate condensates, should survive to the finite m case. The presence of the 
massive matter in the bifundamental representation assures, however, that there is only one 
type of Zat fiux tube, and only one type of baryon vertex. Only the condensates can distin- 
guish vacua separated by A^ consecutive domain walls. By contrast, the nonsupersymmetric 
orbifold has only one fermion bilinear, with a consequently unique expectation value. As we 
mentioned, there is an accidental Zat axial symmetry in the limit m 00, A^, A fixed if 
is held massless — more on this below. In this limit we expect the to be broken by a 
fermion bilinear (note this is consistent with the dynamics of physical QCD) so we expect A^ 
confining vacua. Again there is only one Zjv string and one baryon vertex. (In both theories 
we expect physical baryon states; however they are rather similar in the two cases, differing 
in mass only slightly.) 

On the string side of the duality, all of our brane configurations are invariant under Z2 
and so survive in the orbifold theories. We do not see a mechanism for new phases to arise 
geometrically, so the extra vacua in the supersymmetric case are presumably associated 
with expectation values of fields in the twisted sector. Certainly the difference of the gluino 
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condensates (and corresponding scalar operators) is in the twisted sector, while the sum is 
discussed in section V.F. The two supergravity orbifolds differ in the behavior of fermionic 
fields under the reflection, so that the spherical harmonics, and spectra, will be different in 
the two cases. The physics involving strings and baryons is essentially the same as before, 
but it would be interesting to understand how the domain walls are different. 

The nonperturbative condensate in the unorbifolded theory survives, as a gluino bilinear 
expectation value, to small gN ^ where it can break the Z^v nonanomalous i?-symmetry of 
M = 1 Yang- Mills. Unfortunately we cannot make the same claim for the condensate in the 
nonsupersymmetric orbifold. Only if ^ is massless for m oo, N and A fixed, does the 
theory have a discrete axial symmetry, which can be broken by a ^^\E' condensate. However, 
while a gluino is always massless by supersymmetry, no such symmetry protects the fermion 
\E'. We must therefore assume that \E' can obtain a mass in perturbation theory through 
nonplanar graphs. Fine tuning is required to obtain the axial symmetry and the massless 
fermion at small gN, and thus any connection between chiral symmetry breaking in QCD 
and the large-f^iV condensate is tenuous. 

As an aside, we emphasize the physical interest of these questions. Nonsupersymmetric 
SU (N) X SU{N) with a single massless bifundamental fermion, treated as a function of 
and the ratio of gauge couplings, is a very interesting theory worthy of further attention. 
First, if the gauge couplings are very different, the physics between the two strong coupling 
scales approximates physical QCD. Second, the theory exhibits both confinement and chiral 
symmetry breaking, with the breaking of a discrete axial symmetry and interesting domain 
walls. As such, it closely resembles A/" = 1 supersymmetric Yang-Mills theory. Third, in 
contrast to A/" = 1 Yang- Mills, the low-energy theory has only vector-like fermions and can 
be investigated with relative ease on the lattice. To our knowledge it has not been previously 
studied. Of course, lattice studies of weakly broken Af = 1 Yang-Mills are not impossible 
||65|| ; and one may hope, by comparing the SU{N) x SU{N) theory with a massive bilinear 
fermion to broken Af = 1 Yang-Mills, to study the extent to which nonperturbative physics 
survives orbifolding in the large A^ limit. In short, this theory is physically interesting, 
tractable on the lattice, qualitatively related to supersymmetric Yang-Mills theory even for 
small A^, and perhaps quantitatively related to it at large A^. 

VIII. DISCUSSION AND FUTURE DIRECTIONS 

As with all dualities, our work has implications in both directions — for supergravity 
and string theory, and for gauge theory. 
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A. Strings, gravity, and singularities 



We have found one more example of a recurrent pattern, the resolution of a naked 



singularity by brane physics. Earlier examples are the nonconformal Dp geometries |58], the 
Coulomb branch singularities |l7,19,^, and the enhancon [21|. 

It is not clear how earlier work on the JV = 1* theory is related to ours, because it was all 
in the context of five-dimensional supergravity. The solutions of ref. |^ might lift to ours, 
but this requires that a great deal of physics, the entire brane configuration, be hidden in 
the 'consistent oxidation' of the five- dimensional solution. We note that the solutions |^ 
all have constant dilaton while our 5-branes will produce a locally varying dilaton even if 
not a dilaton monopole moment. As far as is known, the oxidation cannot produce such 
an effect. In ref. [^| a general criterion was proposed for identifying physically acceptable 
naked singularities. Again this was expressed in terms of the five-dimensional theory and so 
cannot be applied to our solutions without substantial additional work. 

There are a number of obvious loose ends in our work. We have not obtained the 
full supergravity background. We had the good fortune that we could obtain the relevant 
physics by working only to first order, and partly to second order, in the mass perturbation. 
It remains at least to solve the supergravity equations to second order. We have observed 
that the equations of the supergravity have many simplifications in our situation, but we 
have not understood their origin. It seems extremely likely that these will extend to the full 
second order calculation. It may even be possible, with the guidance from our approximate 
solution, to find the exact supergravity solutions. A related question is the analysis of the 
supersymmetry properties of our solutions, to establish why the supersymmetry is preserved. 
This involves the 5-brane world-volume as well as the bulk supergravity. 

We should remind the reader that we have not fully explained a key point, namely the 
fact that there are far more brane configurations than there are field theory vacua: many 
brane configurations represent the same vacuum. For example, we have not explained why 
the massive vacuum with a (1,0') 5-brane is the same as that with a (!,(? + A^) 5-brane; we 
have merely shown that the question never arises purely within the supergravity regime. To 
understand the transition between these and other descriptions as r is varied remains an 
interesting challenge. A related issue is the minimum of the brane potential at 2; = 0. This is 
outside the range of validity of our approximation, but would naively correspond to an unex- 
panded brane and so a singular spacetime. Since there exist expanded brane representations 
for all ground states, we presume that a correct interpretation involves transmutation into 
a different brane configuration. A complete accounting of these transitions is greatly to be 
desired. 

Another related fact is that many brane configurations (such as p coincident D5-branes, 
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p <^ \/N) represent multiple vacua, which are only split from one another by strong coupling 
SU{p) physics that we cannot see in supergravity because p is small. This physics will have 
to be understood separately, and perhaps is only described by field theory. 

Perturbed AdS spacetime is relevant to the generation of hierarchies in Randall- Sundrum 
compactification ||2^J8^ . In the latter paper it was argued that a large number of D3-branes 
localized in a compact space will generate an effective AdS throat. That work was in the 
context of an A/" = 4 compactification and so the throat was stable: no relevant perturbation 
exists. The situation becomes more interesting in more realistic cases. If the D3-branes are 
localized on a space that leaves A/" = 1 unbroken, and the compactification is generic, the G3 
mode that we have considered will have a nonzero boundary value, proportional to m, which 
is of order order one in four-dimensional Planck units. Since this is a relevant perturbation 
it becomes nonlinear essentially immediately, and the throat disappears. If for some reason 
the perturbation is anomalously small, then of course, as in any supersymmetric field theory, 
the ratio m/m-p\ is quantum mechanically stable and the throat will be larger. Our work 
shows that the incipient throat is capped by an expanded brane. It is also possible to avoid 
the instability using, for example, a discrete symmetry G3 ^ —G3^ 

It would be most interesting to study marginally relevant interactions. These may not 
exist in the Af = 4 theory, but are present in various elaborations. On general grounds, 
not requiring supersymmetry, such perturbations would naturally become nonlinear only 
well down the AdS throat, where again an expanded brane would presumably form. This 
behavior would bear some similarity to the hierarchy mechanism of ref. |^2[. Examples of 



such interactions were considered in [ P5| , P^ , and there is strong reason to expect an expanded 
brane there as well. 

Our work bears directly on recent proposals regarding the vanishing of the cosmological 



constant [^, which involve a naked singularity in the compact dimensions. There have been 



many criticisms, published and unpublished, of the assumptions made in ref. regarding 



the properties of the singularity, but we can add to these the specific example of what string 



theory does in our case. In terms of our notation from section III.B, the authors of refs. ||24 
assume that the parameter b can take arbitrary values. That is, they integrate in the 
coordinate r, and assume that any singularity encountered gives an acceptable spacetime. 
Further, they must assume that 6 is a fixed parameter, rather than a dynamical quantity. As 
we see from our discussion, this is inconsistent with the requirements of AdS /CFT duality, 
and it is not what happens in our case: b takes discrete values, depending on the particular 
vacuum, and can make dynamical transitions from one value to another. 
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This has also been noted by O. Aharony. 
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Thus the singularity in the end is replaced by an ordinary physical object, like a hydrogen 
atom. For hydrogen, too, one can integrate the wave equation inward in r for any energy, 
obtaining a generally singular solution. The experimental discreteness of the spectrum 
indicates that nature abhors a generic singularity. 

It is notable that our system has a large number of ground states,^ of order . In 
the super symmetric case these are all degenerate, but once supersymmetry is weakly broken 
they will form a closely spaced, near-continuum of discrete states. If a singularity is of 
this type, the system may have vacua of exceedingly small cosmological constant, and the 



mechanism of may be realizable. In order for such a mechanism to solve the problem, 
these states must be sufficiently metastable, and there must be a dynamical mechanism to 
select a state with a small net cosmological constant (the same problems are in any event 
present in the continuum case); for further discussion of the latter issue see 



Finally, we should note that the Myers dielectric effect will arise in many other situations, 
such as perturbations of other conformal and nonconformal theories. As one example, con- 
sider the perturbation of the BFSS matrix theory given by the dimensional reduction of the 
M = 1* mass term. This has been used as a means of analyzing the structure of the matrix 



theory bound state l^^- Now we see that this deformation has a physical interpretation in 
its own right: it is the matrix theory for M theory with a nontrivial boundary condition on 
the 4-form field strength. In this background the graviton will blow up into a finite-sized 
M2-brane sphere. This same mechanism, the Myers expansion of a highly boosted graviton 
in a background field strength, has recently led to a remarkable explanation of the stringy 
exclusion principle [BB . 



B. Gauge theory 

The brane solution gives a beautiful representation of a confining gauge theory and many 
of the associated phenomena. There are many artifacts of the massive TV = 4 matter, so 
this is still far from QCD, but we emphasize that it is a confining four-dimensional gauge 
theory in its own right. We should perhaps note that we use the Maldacena duality freely 
in the entire range 1/N < g < N. Discussion often focuses on large N with fixed gN, but 
this is only one part of the interesting range. 

Without too much additional work, it should be possible to understand the breaking of 
A/" = 4 to A/" = 2 Yang-Mills. Much of the moduli space, including the part corresponding 



N. Arkani-Hamed, S. Dimopoulos, J. Feng, S. Gubser, N. Kaloper, E. Silverstein and F. Wilczek 
have emphasized the importance of this point. 
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to the repulson singularity studied in |2T|], should be visible in supergravity. We might 
hope that, as in |2^, the Seiberg-Witten Riemann surface will appear in a natural way. 
However, where the surface degenerates (at points with light charged particles) we expect 
there will be physics lying outside the supergravity regime. Since the transition from M = 2 
to A/" = 1 is described simply in MQCD, we may hope that this breakdown will be described 
simply using semiclassical branes, giving a picture of the physics studied in |7^. We also 
expect a breakdown at Argyres-Douglas fixed points [^], where the physics, presumably a 
supergravity kink connecting one AdS region to another, may not be described in a linear 
approximation. 

Once the supersymmetric gravity background is completely understood, it should also be 
possible to fully explore the nonsupersymmetric case. Since even the confining vacuum is a 
small perturbation of an A/" = 4 Coulomb branch configuration, we do not believe that small 
breaking of supersymmetry is likely to have a large impact on the theory. New condensates 
and new 9 dependence, and a loss of the degeneracy between vacua, should certainly be 
seen, but otherwise we see no reason why the nonsupersymmetric confining vacuum must 
appear much different from the supersymmetric one. However, while this will be true if the 
supersymmetry breaking scale m' is small compared to m, it will surely be false if m! ^ m. 
The quantitative question of where the transition lies, as a function of gN, remains to be 
explored. Even assuming, however, that m ~ m' is within the supergravity regime, this does 
not make the study of pure nonsupersymmetric Yang-Mills any easier, since it is a long way 
from gN ^ 1 to the required regime. 

Assuming the nonsupersymmetric case can be studied to a degree, an obvious next step 
in studying the gravity-gauge theory correspondence is to add massless charged fermions. 
It would be most interesting to see chiral symmetry breaking and to determine if and when 
the properties of pions lie within the supergravity regime. Adding supersymmetric charged 
matter is unfortunately not of great use, since SU{N) with Nf <^ massless chiral multi- 
plets in the fundamental plus antifundamental representation has no stable vacuum, while 
if Nf ~ A^ there is as yet no dual string description. The low flavor case might be stud- 
ied by taking type IIB on an orientifold, which gives an AT = 2 Sp{N) gauge theory with 
a hypermultiplet A in the antisymmetric tensor representation and four jFj in the funda- 
mental representation ||90|j91[] . As in A/" = 1*, the ultraviolet theory is finite, and could be 
perturbed by supersymmetric masses m for the adjoint chiral multiplet and A, and fii for 
the J-'i. When fii m, the physics probably resembles A/" = 1*, but the theory will exit the 
supergravity regime as any one of the fii go to zero. Breaking the supersymmetry, leaving 
only the fermions in jFj and the gauge bosons massless, would be a challenge, but might be 
tractable. 
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In this paper we have not pursued the obvious and important connections of our work 
with noncommutative field theory in two additional dimensions. Similar relations are present 
already in MQCD. We are especially intrigued that the confining fiux tube of large N Yang- 
Mills is a nearly-BPS instanton string of a sphere-compactified six-dimensional noncom- 
mutative gauge theory (supersjTiimetric or not.) Note that the baryon vertex is also an 
interesting object in this theory. The massive vacua with multiple coincident 5-branes, and 
their solitons, may be of considerable interest for the study of nonabelian noncommutative 
field theory. This may also be true for lower- dimensional cases, where the classical vacua 
are still described by spherical D(p+2) branes. 

It is important to note that many of our results bear some resemblance to those seen in 
MQCD, which is an unusual compactification of the (2, 0) theory on an M5-brane. Both the 
breaking of A/" = 4 to A/" = 2 Yang-Mills [H and the breaking ofA/'=2toA/'=l|6|| have 
been considered, although the full Af = 1* model has not been constructed in MQCD. It is 
interesting to consider some of the similarities and differences with the supergravity dual of 
Af = 1*. In our picture, the vacuum is represented by an NS5/D3 hybrid; in MQCD the 
vacuum is given by a multisheeted M5-brane, which, when the radius Riq of the M-theory 
circle is small, is an NS5/D4 hybrid. Second, the fiux tubes in A/" = 1* are Fl strings 
bound to the NS5/D3 hybrid; in MQCD they are M2-branes bound to the M5 brane. The 
baryon vertex in MQCD is an M2 brane which extends off of but has a boundary on the M5 
brane, analogous to our D3 brane whose boundary is the NS5-brane two-sphere. Domain 
walls are in both approaches are 5-branes mediating transitions between different 5-brane 
vacua. There are a number of important differences that this list understates; but the most 
interesting difference, perhaps, is the instantons at large A^. As we have seen, the fractional 
instantons noted in are resummed at large gN into strings wrapping the NS5-brane 
two-sphere. All of these connections hint at the usual duality between M theory on a torus 
and type IIB string theory, but the connection between the two pictures is not as simple 
as this, given the absence of a torus in both constructions. It would be interesting to make 
these connections precise. 

One of the most interesting aspects of the Af = 1* theory, and any similar gravity dual 
of A/" = 4 broken to A/" = 2, is that it can be used to great effect to understand more deeply 
the connection of field theory with gravity and string theory. Our work and that of |]8|j66[] 
points in this direction. The holomorphic properties of these field theories can be completely 
understood using field theory and/or M theory, as in Pj2^J^, for all values of g and all values 
of gN. Consequently, one can distinguish clearly those regimes of parameter space in which 
the theory is well-described by electric variables, by magnetic variables, or by IIB string 
variables respectively. The various universal and quasiuniversal physical properties of the 
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theory are given different descriptions in eacli regime (see for example our discussion of the 
instanton expansion of the superpotential, section VI. G,) and there are surely many things 
to be learned by studying how one regime converts to another. In particular, the possibility 
of quantitatively matching one regime to another deserves attention. It is probable that this 
will be required if one is to study QCD, which hes mostly outside the supergravity regime. If 
such matching is only possible for holomorphic and BPS quantities, as so far seems likely, it 
poses yet another obstacle in the quest for a description of the strong interactions. However, 
even if the goal of doing calculations in large- A?" QCD, using string variables, is shown to 
be unreahzable, the fact that field theories exhibit behavior which differs greatly from the 
physics we have observed so far in nature is of potentially great importance, in that it may 
open new avenues for solving old problems. 
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